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ABSTRACT

In regression analysis, associations between continuous predictors and the outcome are often assumed to be linear. However,
modeling the associations as non-linear can improve model fit. Many flexible modeling techniques, like (fractional) polynomials
and spline-based approaches, are available. Such methods can be systematically compared in simulation studies, which require

suitable performance measures to evaluate the accuracy of the estimated curves against the true data-generating functions.

Although various measures have been proposed in the literature, no systematic overview exists so far. To fill this gap, we in-

troduce a categorization of performance measures for evaluating estimated non-linear associations between an outcome and

continuous predictors. This categorization includes many commonly used measures. The measures can not only be used in sim-
ulation studies, but also in application studies to compare different estimates to each other. We further illustrate and compare the
behavior of different performance measures through some examples and a Shiny app.

This article is categorized under:

Statistical and Graphical Methods of Data Analysis > Modeling Methods and Algorithms

1 | Introduction

Regression models often describe associations between an
outcome and one or multiple predictors (also referred to as
explanatory variables, covariates, or independent variables).
Determining the functional forms of the continuous predic-
tors in such models is an important aspect of model building

and may substantially affect the validity and interpretation of
the model. Often, the associations of the continuous predic-
tors with the outcome are simply assumed to be linear (poten-
tially after transformation of the expected outcome via a link
function). However, modeling the effect of one or multiple pre-
dictors as non-linear can be more appropriate in many appli-
cations. Consider the example in Figure 1a, which shows the
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FIGURE 1 | Association of age in years with BMI, estimated from
9377 participants of NHANES. The black line connects the mean BMI
values at each age. (a) The green line shows the linear fit. The shaded
areas show the 95% confidence intervals. (b) Blue line: Fit with fractional
polynomials, orange line: Fit with linear B-splines with three basis func-
tions, pink line: Fit with cubic B-splines with 15 basis functions. For the
B-spline fits, the inner knots are positioned at suitable quantiles of age.

association of age with body mass index (BMI) based on data
from 9377 participants of the National Health and Nutrition
Examination Survey (NHANES) (CDC and NCHS 2024). The
black curve connects the mean BMI values at each age. To
account for the sampling variation reflected in the excessive
wiggliness of the black curve, we can try to find a smooth
model fit to better describe the systematic changes in the
mean BMI values with increasing age. The linear fit, shown
in green color, does not describe the mean BMI values well
(by definition, the linear fit is unable to account for the clear
non-monotonicity of the relationship), such that options for a
non-linear functional form should be explored.

There are many different methods to extend the framework
of linear predictor models in order to model non-linear asso-
ciations. For example, the effect of a predictor can be mod-
eled with a polynomial function. The fractional polynomial
approach (Royston and Sauerbrei 2008) extends the simple
polynomial approach; here one or several power transfor-
mations are applied to a predictor. Such transformations are
global, that is, a (fractional) polynomial function is defined
over the whole range of the predictor. In contrast, spline-based
approaches are local smoothers: the range of the predictor is
divided into segments, a different polynomial is defined on
each segment, and the polynomials (all having the same de-
gree) are smoothly joined at the knots, that is, the endpoints
of the segments, to ensure continuity of the fitted function.
Spline-based approaches include, for example, B-splines (De
Boor 1978), restricted cubic splines (Stone and Koo 1985),

P-splines (Eilers and Marx 1996), and thin-plate regres-
sion splines (including smoothing splines) (Wood 2003); see
Perperoglou et al. (2019) for an overview. Figure 1b again
shows the NHANES example, now with a fractional polyno-
mial fit and two different B-spline fits (linear B-splines with
three basis functions and cubic B-splines with 15 basis func-
tions). The fitted curves have different properties: all curves
reflect the aforementioned non-monotonicity, but they differ
with respect to (local) extrema and the degree of wiggliness.
It is not immediately clear which curve is the “best one” nor
how one should define a criterion for determining such a
“best” curve.

Currently, there is a lack of knowledge regarding the perfor-
mance of different methods for modeling functional associa-
tions. Studies comparing different methods to each other are
relatively rare (Binder et al. 2013; Strasak et al. 2011). More
systematic comparison studies are needed to better under-
stand the properties of different methods and to derive rec-
ommendations about which methods might be preferable in
which application contexts, depending on the relevant char-
acteristics of the data being analyzed and/or the complexity
of the underlying true functional forms. Ideally, comparison
studies should be neutral, that is, the authors should be (as
a group) approximately equally familiar with all compared
methods and they should not have a vested interest in one of
the methods (Boulesteix et al. 2013, 2017, 2024). Typically,
such studies include simulated data with known true data-
generating functions (“ground truths”). As an illustrative
example, suppose that we perform a simulation study which
systematically compares different flexible estimation meth-
ods. We choose a true data-generating mechanism inspired by
the observed association of age on BMI in the NHANES data.
This scenario is depicted in Figure 2. The black line represents
the assumed ground truth curve. The fractional polynomial
fit and the two B-spline fits represent the curves obtained in
one simulation repetition from three methods to be compared.
However, it is unclear which criteria should be used to assess
their success in describing the true association of the predictor
and the outcome. This illustrates a general issue: it is not clear
which performance measures should be used in systematic
comparison studies, that is, which measures should be used to
compare the functional forms (linear or non-linear) estimated
by the different methods to the ground truth. Several perfor-
mance measures have been proposed in the literature (Binder
et al. 2011; Buchholz et al. 2014; Govindarajulu et al. 2007),
but so far we are not aware of a systematic overview and a
classification of the measures. In particular, it is not clear
which characteristics of the estimated functional forms are
addressed by different measures and how similar certain mea-
sures might be to each other.

Therefore, the present article aims to characterize and com-
pare performance measures for estimated non-linear associ-
ations with an outcome. The choice of suitable performance
measures depends on the goal of the statistical modeling.
Researchers often distinguish between three different types of
statistical modeling: descriptive, predictive, and explanatory
(Shmueli 2010). In descriptive modeling, the goal is to identify
if and how variables are associated with an outcome, which
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FIGURE 2 | Illustration of a hypothetical simulation study. The
black line depicts the ground truth curve. The blue line shows a fit
with fractional polynomials, the orange line a fit with linear B-splines
with three basis functions, and the pink line a fit with cubic B-splines
with 15 basis functions. The three fitted lines can be interpreted as
the curves obtained in one simulation repetition from three different
methods that are compared in the simulation study. The similarity of
the estimated curves with the ground truth curve can be quantified by
some suitable measure, but it is not immediately clear which measure(s)
should be used. Different measures are able to capture different aspects
of the curves, for example, the bias of the curves estimated with frac-
tional polynomials or linear B-splines with three basis functions, or the
wiggliness of the curve estimated with cubic B-splines with 15 basis
functions.

implies for continuous variables to find functional forms
that fit the data best (Carlin and Moreno-Betancur 2025).
Estimating non-linear associations is relevant for the latter as-
pect. In predictive modeling, the objective is to predict an out-
come as accurately as possible. In explanatory modeling, the
objective is to estimate the causal effect of a specific explana-
tory variable on the outcome adjusted for confounders. In our
article, we focus on appropriate performance measures for
non-linear associations in the context of descriptive modeling.
Estimating non-linear functional forms can also be relevant
for predictive and explanatory modeling. We refer to Section 4
for a brief discussion of appropriate performance measures in
the context of predictive and explanatory modeling.

Although our main motivation in the present article is the use
of performance measures in the context of comparison studies/
simulation studies in methodological research, some measures
from our categorization can also be helpful in applied studies.
For example, when analyzing a specific real-world dataset, re-
searchers might apply two or more different methods to estimate
non-linear associations (see, e.g., Govindarajulu et al. (2007)).
They can then compare the results using suitable similarity mea-
sures to assess how similar they are to each other, rather than
determining which result is closer to the ground truth (which
is not known in applied studies). In the example in Figure 1b,
suitable measures could be used to compare the different fits to
each other.

The remainder of this article is structured as follows: in
Section 2, we introduce our categorization of performance mea-
sures. In Section 3, we illustrate the behavior of different mea-
sures based on examples which are available in a Shiny app. We
conclude the article with a discussion in Section 4.

2 | Categorization of Performance Measures for
Estimated Non-Linear Associations

2.1 | General Notation

First, we introduce some notation. For observationsi =1, ... ,n,
we assume a data-generating mechanism of the form

P
Yi=hot fo(xu) +e
j=1

with continuous outcome y; predictors x;, j=1, ...,p (reali-
zations of random variables X, ... ,Xp), and error term ¢;. The
notation easily generalizes to other outcome types by using a
suitable link function and modifying the error term. While the
model may contain categorical predictors in the form of dummy
variables, from now on we only consider continuous predictors
without loss of generality. Some of the functions f; might be lin-
ear, that is, ]3 (xlj) ﬂjxl], while others could be non-linear.

The fitted model is denoted as
p ~
+ )

Again, some of the estimated functions f ; might be linear, that
is, f J( U) ﬁjxy, while others might be non-linear. Note that for
some covariates j, the fitted function f ; may be linear while the
true function f; is non-linear, and vice versa.

In the following, we assume that any type of model selection
(if performed) has been completed, such that the fitted model(s)
under consideration are fixed. Moreover, we only consider “uni-
variable” performance measures in the sense that the estimated
curve of each predictor of interest is evaluated individually. More
precisely, the estimated curve f"] for each predictor X; of interest
is compared to the “true” curve f. For notational simplicity, we
will assume that the model is univariable with only one continu-
ous predictor (p = 1), which allows us to write f = fj, f =f1 and
X =X,. The predictor X takes values in a space X C R. Py is the
probability distribution of X, Fy is the cumulative distribution
function, and F; the corresponding quantile function. The for-
mulas for the performance measures given further below also
apply to multivariable models, by considering each predictor of
interest separately and setting f = f; ]A" =fj, X = X; and so on for
each index j € {1, ...,p} of interest in turn. In that case, each
estimate f =fj is adjusted for one or more other variables, that
is, the estimated curves of the other predictors in the model.

2.2 | Description of the Categorization
The general idea of our categorization of performance mea-

sures is that the measures can be described by different aspects.
Consider, for example, the following measure:

[ 17w -feo1ax O
X
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This measure integrates the absolute difference between the
estimate f and the true f over X. There are several charac-
teristics of this measure. For example, the integral is used for
summarizing the absolute difference between f and f, but dif-
ferent options for aggregation would be possible (e.g., calculat-
ing the integral with respect to dFy instead of dx, or taking the
maximum absolute difference over X). The measure aggre-
gates the information across the entire range X. Alternatives
are possible, for example, restricting the range to a subset of
& (such as the range between the 5% and 95% quantile of Fy),
with the extreme case that the difference between f and f is
only evaluated at a specific point x* € X. Moreover, instead of
the absolute loss, other types of losses might be considered,
such as the squared loss. Finally, instead of comparing f with

~
f, one might also wish to compare the derivatives f with f’
and/or f” with f”.

This example demonstrates that there are several aspects of per-
formance measures and that different performance measures
can be defined by specific combinations of these aspects. This
leads to our proposed categorization of performance measures
as depicted in a schematic overview in Figure 3. First, we de-
scribe the three main aspects shown in the blue panels.

« The aspect localization distinguishes between measures
that aggregate information over a range (there are different
options for the scope of aggregation, as described below)
and measures that only take performance at a specific point
x* € X into account.

« We can also categorize performance measures based on
the functional characteristic, that is, whether they evalu-
ate the function, the first derivative of the function, or the
second derivative of the function, provided that these de-
rivatives exist. When the functional characteristic is the
first derivative, the slopes of the curves are compared; for
the second derivative, the “wiggliness” of the curves is
compared (Green and Silverman 1993). While the third,
fourth, etc. derivatives could also be considered, these are

LOCALIZATION:
AXIS OF AGGREGATION: X
* Number of roots
* Location of maximum
U300 * Location of minimum
AGGREGATION:
SCOPE OF AGGREGATION: global
FUNCTIONAL CHARACTERISTIC: Function
LOSS: Difference (bias) Absolute loss

generally more difficult to interpret and are thus not com-
monly used in practice.

« Finally, different types of losses can be chosen to measure
the deviation of the estimated curve from the true curve:
difference loss (bias), absolute loss, squared loss, or e-level
accuracy. The e-level accuracy (Hirji et al. 1989) evaluates
in a binary way whether two values are “close” to each
other, and is defined as Fla-zal<c) for two real numbers
Z1,% With € > 0 a suitable (small) value, see below for fur-
ther details. We consider these four types of losses due
to their popularity; other loss functions could, of course,
also be used.

For measures that aggregate the information over a range, there
are some further aspects to consider (panels in green color in
Figure 3):

« Most measures quantify the deviation from the truth on
the Y axis. For this purpose, there are different types of
aggregation: integration over dx, expectation over dFy,
a quantile (e.g., the median) with respect to Fy, expec-
tation over the precision of the estimator, maximum, or
minimum.

« Other measures compare the curves on the X axis, that is,
how the estimated curve and the true curve differ from each
other with respect to the number of roots (i.e., the points
where the functions or their derivatives take the value zero),
the location of the global maximum in the range, or the lo-
cation of the global minimum in the range.

« For both types of performance measures (axis of aggrega-
tion="Y” and axis of aggregation="X"), the scope of ag-
gregation has to be specified. Global measures consider
the information on the whole range X of X, while regional
measures consider a subrange of X. A typical subrange is
the range between a lower quantile [ and an upper quan-
tile u of the distribution Fy where the variable often takes
values (e.g., the 5% quantile F;l(0.0S) and the 95% quantile

* Integration over dx

* Expectation over dFy

* Quantile (e.g., median) w.r.t. Fy

* Expectation over precision of the estimator
* Maximum

* Minimum

regional

First derivative Second derivative

Squared loss e-level accuracy

FIGURE 3 | Categorization of performance measures. Each performance measure can be obtained by choosing specific options for each of the

aspects (localization, functional characteristic, etc.).
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F ;1(0.95)). Here, the motivation is that the behavior of the
curves might be less relevant in the boundaries of the range,
that is, beyond ! and u. Restricting the range might also be
necessary to obtain well-defined and finite values for the
measure, see below for more details. While the range be-
tween a lower and an upper quantile appears to be the most
common type of subset considered in the literature (Binder
et al. 2011; Buchholz et al. 2014), the scope of aggregation
could in principle also be another kind of subset of X. For
example, in medical applications, the region above a crit-
ical threshold of a clinical predictor may be of particular
interest.

2.3 | Some Examples of Measures

Each performance measure arises from choosing specific options
for each of the aspects stated above. For example, the measure
given in (1) is the measure with localization =“range”, axis of ag-
gregation ="“Y”, type of aggregation = “integration over dx”, scope
of aggregation = X, functional characteristic="“function”, and
loss = “absolute”. If the type of aggregation is the expectation over
dFy instead, we obtain the following measure:

/ 1700 = £00) | dFx(x) o)
X

Compared to measure (1), measure (2) gives more weight to the
areas with more data, and less weight to the areas where the
data is sparse.

As another example, the following measure results from set-
ting localization =“range”, axis of aggregation="“X", type
of aggregation = “location of maximum”, scope of aggrega-
tion="“global”, functional characteristic=“first derivative”,

and loss = “absolute”:

| arg maxJ (x) — arg maxf’(x) | 3)

xeX xeXx

This measure compares the locations of the maxima of the
first derivatives, that is, the positions of the steepest ascents
of f versus f. Suppose we are less interested in the absolute
difference of the locations of the maxima per se, but only in
whether the maxima are located within some distance e of
each other. If so, then switching from the absolute loss to the
e-level accuracy results in the measure

aE{arg maxxexf(x)—arg maxxeXf’(x)Ise} @

which evaluates whether the positions of the steepest ascents
of f and f are sufficiently close. For all measures involving the
e-level accuracy, suitable values for € have to be chosen. This
depends on how “strict” a researcher wishes the measure to be,
as well as on the domain of f (if axis of aggregation =“X") or
the range of f (if axis of aggregation=“Y"). For example, sup-
pose that f is defined on the domain [0, 1]. Then for a measure
as in (4), where axis of aggregation=“X", for example € = 0.05
could be a reasonable choice (evaluating whether the positions
of steepest ascents differ by at most 0.05). Generally, one could

choose €, for example, as 0.05 times the length of the domain/
range of f, if the domain/range is a bounded interval, or 0.05
times the length of the interval between suitable quantiles of Fy
(as described above) if the domain of f is unbounded.

The examples of measures given so far all have localiza-
tion="“range”. In contrast, point-specific measures compare the
estimated curve and the true curve at a single point x* € X. For ex-
ample, the following measure is defined by localization =“point”,
functional characteristic = “function”, and loss = “absolute”:

1Foey = f () | ®)
This measure compares the values of f and f at the point x*.

When using point-specific measures, it typically makes sense
to consider multiple points x* € X. These points could corre-
spond, for example, to different quantiles of the distribution Fy.
Returning to the NHANES example from Section 1, it could be
of interest to compare the estimated to the true BMI values at
different quantiles of age.

As mentioned above, when comparing the estimated curve to the
ground truth, the primary focus is often on the region where the
variable X typically takes its values. In such cases, regional mea-
sures (e.g., with scope of aggregation =[F!(0.05), F;(0.95)]) can
be used to aggregate the deviation of the estimate from the truth
across that region. However, in other cases (such as when extrap-
olation is a key goal), the behavior of the curves in the boundaries
of the range of X becomes important. For these situations, point-
specific measures can be particularly useful, with the points cho-
sen from the tails of the distribution F.

2.4 | Examples From the Literature

Our categorization of measures includes several measures that
were already proposed in the literature. For example, Buchholz
et al. (2014) (see also Govindarajulu et al. 2007) discussed the
following measure:

F;1(0.99)

| £00) = fx) | Pcydx ®)

F¢'(0.01)

In the terminology of our categorization, this is the measure
with localization = “range”, axis of aggregation="Y", type
of aggregation = “expectation over the precision of the esti-
mator”, scope of aggregation = [F5!(0.01), F5'(0.99)], func-
tional characteristic = “function”, and loss = “absolute”. Here,
D(x) denotes the estimate for the precision of the estimator JA‘
at point x (typically defined via the inverse of the variance
of the estimator, Buchholz et al. 2014). Note that Buchholz
et al. (2014) proposed this measure in a slightly different con-
text, namely for modeling time-varying effects in survival
analysis with non-linear functional forms, but the measure
can also be used in our context, that is, for modeling the ef-
fects of predictors. The idea behind taking the expectation
over the precision of the estimator is to give more weight to
the areas where the estimation is more precise (i.e., where the
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standard error of f(x) is small). In case of cubic regression
splines with pre-specified knot positions, the precision of f(x)
could, for example, be obtained by evaluating the inverse of
the expression B(x)iB(x)T, where B(x) is the row vector of basis
functions (evaluated at x) and $ is the estimated covariance
matrix of the respective spline coefficient estimates (obtained
from standard maximum likelihood fitting of an additive
model, see Harrell 2015). In case of P-splines, an estimate of
the precision of f(x) could be derived analogously, taking a
Bayesian view of the smoothing process and using the cova-
riance of the posterior distribution of the spline coefficients
(see section 6.10 of Wood 2017). The precision of fractional
polynomials could be evaluated using bootstrap methods (see,
e.g., Royston and Sauerbrei 2009).

Measures such as (1), (2), (5) and (6) are defined with functional
characteristic = “function”. In some cases, the values f(x) of the
estimated curve might be quite close to the values f(x) of the
true curve for most x values, but the curves still have rather
different shapes. This will not be detected by measures with
functional characteristic = “function”, but could be detected by
measures which consider the first and/or second derivatives of
the curves. Binder et al. (2011) therefore proposed the following
measure:

—1
F£'(0.95)

(Foo-f'e0)) ary ”

F5'(0.05)

This is the measure with localization="“range”, axis of aggrega-
tion="Y”, type of aggregation="‘“expectation over dFy”, scope
of aggregation = [F5'(0.05), F5'(0.95)] functional characteris-
tic=“first derivative”, and loss = “squared”. The measure evaluates
how similar the slopes of the two curves are, with larger differ-
ences being punished by the squared loss. An analogous measure
could be defined for functional characteristic = “second derivative”
to compare the amount of “wiggliness” of the two curves.

2.5 | Formulas for All Measures

The formulas for all performance measures considered in this
paperaregivenin Table 1 (measureswithlocalization = “range”
and axis of aggregation="“Y"), Table 2 (measures with local-
ization = “range” and axis of aggregation="“X") and Table 3
(measures with localization = “point”). Formulas are given
only for functional characteristic = “function”; the analogous
formulas for the derivatives can be obtained by replacing f ]A”
with the respective derivatives. For the tables, some further
notation is required. We use the symbol S for the scope of ag-
gregation, that is, S C X where either (i) S = X (if the scope of
aggregation is the whole range of X) or (ii) S = [F5!(D), F5'(w)]
(if the scope of aggregation is between the I'th und u'th quan-
tile of Fy). The definition of S could also be generalized to
denote an arbitrary subset of X.

For measures with type of aggregation = “quantile with respect
to Fx”, let Fy(x,y denote the distribution of a random variable
g(X ) that arises by sampling X values from Py and discard-
ing values outside of S (i.e., sampling from the distribution

truncated to S), and then applying some transformation g to the
remaining values (e.g., g(x) = |f(x) —f) ). The correspond-
ing quantile function is denoted as Fg‘(le). For example, this
notation allows us to express the performance measure with
localization = “range”, axis of aggregation="Y", type of aggre-
gation = “median with respect to Fy”, scope of aggregation =
S = [F;l(l), F;l(u)], functional characteristic = “function”, and
loss = “absolute” with the following formula:

-1
Fl?(Xs)—f(Xs)l(O'S)

That is, values of X are sampled between F;'() and F'(w),
the absolute differences | f(x) — f(x) | for all sampled values x
are calculated, and the median of these absolute differences is
determined.

For measures with axis of aggregation = “X”, we define the fol-
lowing quantities:

Location of maxima of f f onS:

x/M3 s = arg maxf (x),x/? M s = arg maxf(x)
X€ES X€ES

Location of minima of f ,f on S:

x/ MmN s = arg minf(x),x"™"s = arg minf(x)
XES xXeS

Number of roots of f ,f onS:

#roots®(f), #roots® <f>

For Tables 1 and 2, we generally assume that the respective
values (integrals, optima, etc.) exist and are well-defined and
finite. In practice, this might not always be the case. For exam-
ple, global measures might be ill-defined if the curves or their
derivatives tend towards infinity at the boundaries of the full
range. Moreover, some estimators tend to be very unstable in
the tails of the distribution Fy, inducing a risk that global perfor-
mance measures will be excessively impacted by the values esti-
mated in regions where there is little data. In these cases, it can
help to switch from global to regional measures by restricting
the scope of aggregation from the whole range X to the interval
[F£'(D), F5'(w)] with suitable quantiles I, u.

2.6 | Using Performance Measures in Applied
Studies

Performance measures for estimated non-linear associations
are not only relevant in simulation studies with a known ground
truth, but could also be used as similarity measures in applica-
tion studies to compare two curves estimated by two different
methods. In this case, one can replace f,f in the formulas in

A AQ) ) :
Tables 1-3 with f ,f , where f = denotes the curve estimated

2
by the first method and f( ) the curve estimated by the second
method. The precision p(x) then refers to the precision of the es-

A ~Q2)
timator of the difference f (x) —f (x) (Buchholz et al. 2014).
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»

TABLE1 | Performance measures for localization =“range” and axis of aggregation="Y

Type of aggregation Loss Formula
Integration over dx Difference / (f(x) _ f(x))dx
s
Absolute Js 170 = fe) | dx
Squared

e-level accuracy

Expectation over dFy (x) Difference

Absolute

Squared
e-level accuracy

Quantile with respect to Fy (e.g., median: g = 0.5) Difference
Absolute

Squared

e-level accuracy

Expectation over precision of the estimator Difference

Absolute

Squared

e-level accuracy
Maximum Difference
Absolute
Squared
e-level accuracy
Minimum Difference

Absolute

Squared

e-level accuracy

~ 2
Js(feo-feo) ax
Js Ffoo-rnsel
Js(Fe = £ ) a0
Js 1760 = f o) | dFy )

~ 2
Js(Feo-re0) dFye)
fs Ffo-soore ) AFx )

-1
P9 @

-1
Fe)-roen@

F! (@
(Fxs)~r(x5))

-1

Fi sz @
Js(Feo—feo Jpeoax
s 1560 = fe0) | perydx
Js(Feo—re0 ) Peodx
/. S*{f(x)—f(xm }ﬁ ()dx
max e (f x)—=f (x))
max e | fx) = ()|
max e (F0 1))’
Max xes 5€{f(x)—f(xﬂﬁc}
min s (Fe0 - £
min g |f) = f(0) |
min e (700 —f(x))2

N vesf (7o)

Note: The symbol S is a placeholder either forS=XorS = [F}El(l), F;l(u)]. Formulas are given for functional characteristic = “function”, analogous formulas for f”, f”

can be obtained by replacing f,f with the respective derivatives.
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TABLE 2 | Performance measures for localization="“range” and
axis of aggregation =“X".

Type of
aggregation Loss Formula
Number of Difference #rootsS (f) — #rootsS(f)
roots
Absolute | #rootsS (f) — #roots*(f) |
= 2
Squared (#rootss (f ) —#roots® (f ))
e-level 5&{ #rootsS (f) —#roots® ()| <e }
accuracy
Location of Difference X max s _ xf.max s
maximum
Absolute | xfmax s _ yf.max 5 |
R 2
Squared (xf,max s —yfmax s )
e-level ¥ (ifmex s xfman s <c )
accuracy
Location of Difference xlmin s _ xfmin 5
minimum
Absolute | xomin s _ yfmin g |
Squared (xf,min s _yf-min )2
e-level ¥ {xf,mm § —xmin s |<c }
accuracy

Note: The symbol S is a placeholder either for S = X or S = [Fg*(D, Fz'(w)]
. Formulas are given for functional characteristic = “function”, analogous
formulas for f’, f can be obtained by replacing f,f with the respective
derivatives.

TABLE 3 | Performance measures for localization="point”
(evaluation at a specific x* € X).

Loss
Difference Fory = foe)
Absolute |fee) —fx) |
Squared

(Foe-ren)’

e-level accuracy £ {f ) (X*)lg}

Note: Formulas are given for functional characteristic = “function”, analogous
formulas for f’, f” can be obtained by replacing f,f with the respective
derivatives.

Note, however, that measures with difference loss are not sym-
metric with respect to the two estimated curves. Mostly, these
measures can be symmetrized by taking the absolute value
of the measure, with the exception of measures with localiza-
tion="“range” and axis of aggregation="“Y” where the type of
aggregation is either the maximum or minimum. In this case,
both the maximum and minimum difference loss should be
considered.

2.7 | Calculating the Measures

When calculating the measures with statistical software, some
computational considerations have to be taken into account.
Derivatives can sometimes be determined analytically, for exam-
ple, for (fractional) polynomials. For splines, the choice between
calculating derivatives analytically or numerically depends on the
specific type of spline and the software implementation. Point-
specific measures are generally easier to compute than measures
with localization =“range”. For measures that involve integrals,
the integrals can be approximated with Riemann sums. Note that
some authors (Govindarajulu et al. 2007; Strasak et al. 2011) pres-
ent formulas for this type of measure directly as Riemann sums,
not as integrals. Measures with the type of aggregation = “expec-
tation over dFy” can be approximated either by using the density
dixFX(x) of X in combination with an approximation by Riemann
sums, or by sampling i.i.d. observations x from Py and taking the
mean over the loss values, for example, the mean over the differ-
ences| f(x) — f () |in measure (2) (Binder et al. 2011).

For measures with localization="“range”, axis of aggrega-
tion="“Y” and type of aggregation = “maximum/minimum?”, the
maximum/minimum can be determined with a grid search. For
measures with localization = “range”, axis of aggregation = “X"
and type of aggregation = “location of maximum/minimum?”,
the locations of the maximum/minimum can also be deter-
mined with a grid search.

3 | Illustration of the Behavior of Different
Performance Measures

To show how the categorization works in practice, Figure 4 pro-
vides an illustration. The top left panel shows an example simi-
lar to Figure 2 in the Introduction. The true curve f is shown in
gray. Two estimates (estimate 1 in blue and estimate 2 in pink)
are compared to the true curve. For this purpose, we can select
various performance measures from the categorization (top
right panel). As described before, each measure results from
selecting specific options for each of the aspects. The table in
the bottom panel presents four resulting examples of different
performance measures. Notably, whether estimate 1 or estimate
2 is ranked higher (right-most column in the table) depends on
the specific performance measure: two performance measures
(rows 2 and 3) rank estimate 1 higher, while the other two favor
estimate 2. This illustrates that different performance measures
capture different properties of estimated curves. For example,
the third performance measure penalizes the wiggliness of es-
timate 2 and therefore ranks estimate 1 as more accurate. In
contrast, the fourth performance measure considers only the
maximum deviation from the true curve, making estimate 2 the
preferred estimate.

We now systematically demonstrate that different performance
measures capture distinct properties of estimated curves, by
varying one aspect of each measure at a time-for example, mod-
ifying the functional characteristic from “function” to “first
derivative” or “second derivative” while holding all other com-
ponents of the measure constant. For this systematic illustra-
tion, we switch to other examples and measures. We use several
examples of ground truths and estimates that are available in
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Performance measures compare estimates 1 (—)
and 2 ( =) to the true curve.

Y
X " 4
Selected options: examples
range Y integration over dx global function
: first
range Y expectation over dFy  global derivative
. . second
range Y  integration over dx global artive
range Y maximum global function

Systematic categorization where each performance measure
is characterized by a unique combination of criteria:

LOCALIZATION:  Range Point
ﬂ )z

AXIS OF AGGREGATION: X
* Integration overgx

* Number of roots

TYPE OF « Location of maximum * Expectation over dFy

AGGREGATION: * Location of minimum * Quantile (e.g., median) w.r.t. Fx
* Expectation over precision of the estimator
¢ Maximum
*  Minimum

SCOPE OF AGGREGATION: Global Regional

FUNCTIONAL CHARACTERISTIC:  Function  Firstderivative  Second derivative ...

absolute loss

absolute loss

squared loss

absolute loss

LOSS: Dpifference (bias) Absolute loss Squared loss e-level accuracy

Comparison

—

L (Fre0 - f"(x))2 | B2
max | () - f(x)] S

(O marks the more accurate estimate for each performance measure.

Performance measure
Jy 1F GO — F0) dx
J 1160 = £100)] dFy ()

FIGURE4 | Illustration of using the categorization in practice. Top left panel: Example with a true curve and two estimates. Top right panel: For

evaluating the accuracy of the estimates, various performance measures from the systematic categorization can be used. Bottom panel: Four exam-

ples for selecting options from the categorization, resulting in four different performance measures. The ranking of the two estimates depends on

the concrete performance measure.

1.54
1.0+
2
‘©»
C
(0]
©
0.5+
0.04
0.00 0.25 0.50 0.75 1.00
X

FIGURE S5 | Density of the Beta(2, 2) distribution.

a Shiny app at https://thullmann.shinyapps.io/presplinesshiny
app/. The selection of ground truths was inspired by applications
in medical research, considering as wide a range of archetypi-
cal forms as possible. In the app, users can select a performance
measure by choosing a specific option for each aspect of the
categorization. The values of the chosen performance measure
are then shown for four different examples. Each example con-
sists of a ground truth curve f and five different hypothetical
estimates f The first estimate is always a linear fit. The other,
non-linear estimates were derived from hand-drawn curves,
representing various shapes where determining the optimal
curve is not immediately obvious.

Allcurvesandestimatesaredefined ontheinterval ¥ = [0, 1]. Three
different options for the distribution Fy are available: Beta(2, 2),
Beta(2, 5), and Beta(5, 2). For measures with localization = “range”,
there are two options for the scope of aggregation: the full range
X =1[0,1] or the subrange [F;'(0.05),F;'(0.95)] For measures
with loss = “e-level accuracy”, different values for € can be chosen.
For measures with type of aggregration = “quantile with respect to
Fy”, different quantiles can be chosen as well. Measures with type
of aggregation = “expectation over precision of the estimator” are
not available in the app due to the manual definition of the hypo-
thetical estimates.

The code for the Shiny app is openly available on GitHub at
https://github.com/thullmann/performance-meas. It includes
an implementation of the performance measures from scratch
in the statistical software R.

In the following, we use three examples from the app and a sub-
set of 11 measures from the categorization in Section 2. Fy is set
to Beta(2, 2). The density is shown in Figure 5.

3.1 | Measures Evaluating the Function, the First
Derivative, or the Second Derivative

Figure 6 shows an example from the Shiny app with three mea-
sures, all with localization = “range”, axis of aggregation="“Y",
type of aggregation = “integral over dx”, scope of aggregation =
X, and loss = “absolute”. The measures differ with respect to the
functional characteristic (function, first derivative, and second
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https://thullmann.shinyapps.io/presplinesshinyapp/
https://thullmann.shinyapps.io/presplinesshinyapp/
https://github.com/thullmann/performance-meas

Rank according to performance measure...

Jxlf@) = f@lde [y |f' (@) = f'@)ldz [ [f"(@) = f"(2)|dz

Estimate

A‘z.

/ 1(010)
B‘Q.

FC 5 (0.18)
C“g,

/ 3(009)
D12,

:Si I 2 (007>
E‘Q,

08 p Pﬁs‘

/ 1 (0.04)

=

3 (0.99) 3 (5.94)
4 (0.10) 3 (5.94)
2 (0.75) 3 (5.94)
1 (0.56) 1 (5.31)
5 (1.15) 5 (31.64)

FIGURE 6 | Example: Comparing measures that differ with respect to the functional characteristic (function, first derivative, or second deriv-

ative). The black curve is the true curve, the colored lines (A-E) are five hypothetical estimates. Next to each estimate, its rank among all five esti-

mates according to the respective performance measure is shown. The values of the performance measures are shown in brackets, rounded to two

decimal places.

derivative). Next to each hypothetical estimate, its rank among
the five estimates according to the respective performance
measure is given. For the measure with functional characteris-
tic="“function” (leftmost column in Figure 6), the most wiggly
estimate E is ranked as the best one, because it is rather close to
the true curve. However, when switching to the first or second
derivative, estimate E is ranked as the worst estimate, because
the slope and the wiggliness of the estimated curve are very dif-
ferent from the true curve, which is penalized by the respective
measures. In the S1, screenshots of the Shiny app demonstrate
how the first two measures can be selected in the app, yielding
the ranks given in Figure 6.

3.2 | Global Versus Regional Measures

Figure 7 shows another example from the app. Two different
measures are compared, both with localization = “range”, axis
of aggregation="Y", type of aggregation=“integral over dx”,
functional characteristic =“second derivative” and loss=“ab-
solute”. The first measure uses the full range X =[0,1] as
the scope of aggregation, the second measure the subrange
[F51(0.05), F5'(0.95)]. According to the first measure, estimate

C is the best one. Estimate D is ranked last because the integral
diverges, that is, the performance value takes the value oo (due
to the second derivative of estimate D tending to oo at a fast rate
as x — 0). However, according to the second measure, estimate
C has only rank 4 and estimate D is the best one (because now
the area around zero where the second derivative tends to — oo
is excluded).

Figure 8 shows a further example where different scopes of
aggregation make a difference. Two different measures are
compared, both with localization =“range”, axis of aggrega-
tion="“Y”, type of aggregation = “maximum”, functional char-
acteristic = “function” and loss = “absolute”. As before, the first
measure uses the full range X = [0, 1] as the scope of aggrega-
tion, the second measure the subrange [F5'(0.05), F5'(0.95)],
which excludes both tails of the distribution. According to the
first measure, estimate B (the piecewise linear fit) is the best,
while estimate D has rank 3. When restricting the scope of
aggregation to the subrange [F'(0.05),F'(0.95)], estimate
B is ranked as second best and estimate D becomes the best
one, because the areas towards the end points of the interval
where estimate D has larger distances to the ground truth are
excluded.
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Estimate Rank according to performance measure...
; F;(0.95) | 2
e lF"@) = fr@)lde [% 008 (@) = [ (@)lde

2.5 (25.08) 2.5 (6.98)

2.5 (25.08) 2.5 (6.98)

1 (23.87) 4 (7.28)

5 (00) 1 (6.58)

4 (43.57) 5 (15.36)

0.00 0.25 0.50 0.75 1.00
X

FIGURE 7 | Example: Comparing measures where the scope of aggregation is either the whole range [0, 1] or the subrange [F51(0.05), F;(0.95)]
The quantiles F;*(0.05) and F;;'(0.95) are indicated by dashed vertical lines. The black curve is the true curve, the colored lines (A-E) are five hypo-
thetical estimates. Next to each estimate, its rank among all five estimates according to the respective performance measure is shown. The values of
the performance measures are shown in brackets, rounded to two decimal places.

3.3 | Measures With Different Types
of Aggregation: Integral Over dx Versus
the Expectation Over dFy

Figure 9 compares two different measures, both with localiza-
tion = “range”, axis of aggregation =“Y”, scope of aggregation =
X, functional characteristic=“function” and loss=“squared”.
The type of aggregation is either the standard integral or the ex-
pectation over dFy. For the standard integral, estimate B (the
piecewise linear fit) is ranked better than estimate E. For the ex-
pectation over dFy, it is the other way around. Estimates C and D
also switch ranks. This is because the expectation over dFy puts
more weight on the area at the center of the interval (where the
density of Fy peaks, see Figure 5). At the center, estimates B and
C have more distance to the ground truth compared to estimates
E and D, respectively.

3.4 | Measures With Different Types
of Aggregation: Integral Over dx Versus Maximum

Figure 10 again compares different types of loss aggregation,
now the integral over dx versus the maximum. The measures
have localization = “range”, axis of aggregation = “Y”, scope of
aggregation = X, functional characteristic = “function”, and
loss = “absolute”. The first measure integrates the loss over
X. According to this measure, estimate B (the piecewise lin-
ear fit) has rank 3 and estimate D is the best estimate. The
second measure considers the maximum loss. Here, estimate
B is the best estimate and estimate D now has rank 3. This
can be explained as follows: on average, estimate D is closer
to the ground truth compared to estimate B, but estimate D
has a relatively large difference from the ground truth at the
pointx =1.
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Estimate Rank according to performance measure...
maxgex |f(z) — f(z)] MaX, c(F;1(0.05),F51(0.95)] |f(z) = f(z)]

A
4 (0.45)
B
1 (0.31)
C
5 (0.54)
D
3 (0.37)
E
2 (0.35)

000 025 0.50 075 100
x

4 (0.42)

2 (0.31)

5 (0.54)

1 (0.21)

3 (0.35)

FIGURE 8 | Example: Comparing measures where the scope of aggregation is either the whole range [0, 1] or the subrange [F ;1(0.05),F;1(0.95)].
The quantiles F;I(O.OS) and F§1(0.95) are indicated by dashed vertical lines. The black curve is the true curve, the colored lines (A-E) are five hypo-

thetical estimates. Next to each estimate, its rank among all five estimates according to the respective performance measure is shown. The values of

the performance measures are shown in brackets, rounded to two decimal places.

3.5 | Measures With Different Types of Losses

Different types of losses can lead to different rankings of esti-
mates. Figure 11 compares the difference loss to the absolute
loss. Both measures have localization = “range”, axis of aggre-
gation ="Y”, type of aggregation = “integral over dx”, scope of
aggregation = X, and functional characteristic =“function”.
The first measure uses the difference loss, the second measure
the absolute loss. With the difference loss, estimates A and B
are best with an integrated bias of zero, because the positive
and negative signs of the differences from the ground truth can-
cel each other out. However, according to the measure with the
absolute loss, these estimates are the worst ones, because they
are rather different from the ground truth in absolute terms.

Figure 12 shows an example for the absolute loss versus the
squared loss. The two measures have localization = “range”,
axis of aggregation="“Y”, type of aggregation = “expectation
over dFy”, scope of aggregation = X, and functional character-
istic=“first derivative”. The first measure uses the absolute
loss, the second measure the squared loss. With respect to the
absolute loss, estimate D is ranked third, but only fifth with
respect to the squared loss. The derivative of estimate D tends

to oo for x — 0, but at such a rate that the expectation over dFy
still converges when using the absolute loss. For the squared
loss, the integral diverges to co, making estimate D the worst
estimate.

In summary, the examples in Figures 6-12 showed that dif-
ferent performance measures often rank estimates in different
ways. Different measures emphasize different aspects of the
estimated curves. This is relevant when choosing performance
measures for a simulation study aiming to compare different
methods for modeling functional associations. Using a single
performance measure might not capture the full complexity
of the results. Existing comparison studies have often focused
on only a few measures or even just one measure. Consider,
for example, the study of Strasak et al. (2011) who compared
fractional polynomials with spline-based estimators. The au-
thors focused on the global performance measure which inte-

. 2
grates the squared loss over dx, that is, /x (f @) -f (x)) dx. As

Figure 9 demonstrates, this can yield a different ranking of esti-
mated curves compared to using the measure which integrates

~ 2
over dFy, that is, /X (f(x) —f (x)) dFx(x). The latter measure,
in turn, can yield a different ranking than the measure using
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FIGUREY9 | Example: Comparing measures that use the integral over dx versus the expectation over dFy for aggregating the loss. The black curve
is the true curve, the colored lines (A-E) are five hypothetical estimates. Next to each estimate, its rank among all five estimates according to the
respective performance measure is shown. The values of the performance measures are shown in brackets, rounded to three decimal places.

the absolute loss instead of the squared loss, see Figure 12.
Moreover, analogously to Figure 7, the examples in the Shiny
app also show that the ranking of the curves can change when

~ 2
switching from the measure / ¥ (f ) —f (x)) dx to the measures

Jv (f/(x) —f’(x))zdx and [, <f”(x) —f”(x))zdx, with wigglier
curves being more penalized by the measures considering the
derivatives. Of course, these considerations do not invalidate the
results of Strasak et al. (2011) (in any case, the curves in their
study are different from the curves in our examples). Still, for
future comparison studies, it is important to carefully choose a
range of performance measures that capture different aspects of
the estimated curves.

Using different performance measures does not always result
in entirely different rankings, however. As can be seen in the
Shiny app, many measures are similar to each other with re-
spect to the resulting rankings. We will return to this point in
the Discussion.

4 | Discussion

In the literature, there is a lack of consensus on how to eval-
uate the accuracy of non-linear functional form estimates in
additive regression. Here, we have suggested a categorization
of performance measures for estimated non-linear associations
that could, for example, be used to evaluate and compare fits ob-
tained from different types of spline regression and/or fractional
polynomial regression.

4.1 | Performance Measures
for Multivariable Models

We have considered only “univariable” performance measures,
that is, the estimated curve of each predictor of interest is eval-
uated individually, though the curve can be adjusted for the
estimated effects of other predictors in a multivariable model.
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Rank according to performance measure...

Sy lf(@) = f(2)|dz maxsex [f(z) - f(2)|

)
Estimate
A
0.41
>
0.01
04
B
0.41
>
0.01
04
C
0.4
>
0.01
D
0.4
>
0.0
E
0.4
> 0.0
1 Y
0.00 0.25 0.50 0.75 1.00

X

5 (0.22) 4 (0.45)

3 (0.14) 1 (0.31)
4 (0.16)

5 (0.54)

1 (0.10) 3 (0.37)

2 (0.12) 2 (0.35)

FIGURE 10 | Example: Comparing measures with the integrated loss versus the maximum loss as the type of aggregation. The black curve is the

true curve, the colored lines (A-E) are five hypothetical estimates. Next to each estimate, its rank among all five estimates according to the respective

performance measure is shown. The values of the performance measures are shown in brackets, rounded to two decimal places.

This approach is typical for descriptive modeling, where one is
interested in correctly capturing the functional form of a pre-
dictor of interest. Although it could in principle be possible to
aggregate individual performance values across predictors to
obtain a single performance metric for the whole model, this
only makes sense if the ranges of the performance measures
are comparable across predictors with different distributions.
Also, after aggregation, the quality of the individual curves
cannot be assessed anymore. In contrast, calculating a single
metric for the whole model is more relevant for predictive mod-
eling where the prediction error is such a metric.

The univariable performance measures we consider do not di-
rectly cover multivariable non-linear effects, for example, when
the effect of two variables X;,X, is given in a non-linear form

f (X3, X,) that does not boil down to the transformation of a sim-
ple product variable V. However, our categorization of measures
could be generalized to cover such cases. For example, the uni-
variable measure

/ 1760 = £00) | dFy ()
X

can be generalized to the following bivariable measure for two
variables X;, X

/ |f(x1’x2) _f(xl’xz) | dF(Xl,XZ)(x)

XXX,
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B
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0.01 :
C1.Z<
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0.01

D

1.24

0.81

E

1.24

/%‘_/

>o4-

00] pa——=—

0.00 025 050 075 1.00
X

5 (0.08)

4 (0.04)

3 (0.01)

Rank according to performance measure...

Jo f(@) = f(a)da

Joe 1f (@) = ()|

1.5 (0) 4 (0.10)

1.5 (0) 5 (0.18)

3 (0.09)

2 (0.07)

1 (0.04)

FIGURE 11 | Example: Comparing measures with difference loss versus absolute loss. The black curve is the true curve, the colored lines (a—e)
are five hypothetical estimates. Next to each estimate, its rank among all five estimates according to the respective performance measure is shown.

The values of the performance measures are shown in brackets, rounded to two decimal places.

with &, x X, C R? denoting the space where (X;, X, ) take values
and F(y, ) denoting the joint distribution of (X;, X, ). This inte-
gral can then be approximated with Riemann sums by partition-
ing &) X &, into sub-rectangles.

4.2 | Performance Measures for Predictive
and Explanatory Modeling

As mentioned in the Introduction, we have considered per-
formance measures in the context of descriptive modeling.
Estimating non-linear functional forms can also be relevant
for simulation studies on predictive or explanatory modeling,
but in these contexts, the evaluation of the estimates might re-
quire somewhat different performance measures. In predictive
modeling, one is typically less interested in what the functional

form of a predictor looks like exactly, only in whether model-
ing the functional form in a suitable (potentially non-linear)
way can improve prediction. The prediction error is then the
most relevant performance measure. In explanatory modeling,
where one aims to estimate the causal effect of an explanatory
variable, we can distinguish between two cases: whether the
explanatory variable is binary or continuous. If the explanatory
variable is binary, non-linear functional forms for continuous
confounders could be estimated in order to circumvent mis-
specification of the confounder-outcome relation and to avoid
residual confounding (Benedetti and Abrahamowicz 2004;
Brenner and Blettner 1997). A too complex functional form may
lead to increased variance of the intervention effect, while un-
derfitting the confounder-outcome relation may lead to bias in
the effect of the explanatory variable of interest (but probably
a lower variance). Hence, the accuracy of the estimated effect
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Estimate Rank according to performance measure...
. . 2
e lf@) = F@ldFx @) [y (F@) = f@) dFx(@)
Ao
% 4 (0.81) 3 (1.24)
»
//\\ 1 (0.46) 1 (0.42)
c.
ﬁ\ 2 (0.59) 2 (0.55)
b..
/fT 3 (0.66) 5 (c0)
E..
- /w\ 5 (0.91) 4 (1.37)

FIGURE12 | Example: Comparing measures with absolute loss versus squared loss. The black curve is the true curve, the colored lines (A-E) are

five hypothetical estimates. Next to each estimate, its rank among all five estimates according to the respective performance measure is shown. The

values of the performance measures are shown in brackets, rounded to two decimal places.

measured, for example, with the root mean squared error of
the respective regression coefficient, is a relevant performance
measure. If the explanatory variable is continuous (e.g., when
estimating a dose-response relationship between an exposure
and an outcome), non-linear functional forms could again be
estimated for continuous confounders, but in addition, the
dose-response relation for the exposure could also be modeled
non-linearly (Desquilbet and Mariotti 2010). In that case, the
performance measures in the present paper could be used to
compare the estimated dose-response curve to the true curve.
Exploring performance measures in the context of predictive
and explanatory modeling in more detail goes beyond the scope
of the present article but could be addressed in future research.

4.3 | Choosing a Suitable Subset of Performance
Measures

Our categorization of performance measures includes a large
number of measures. If we consider one option for the type of

aggregation = “quantile with respect to Fy” (e.g., the median) and
two options for the scope of aggregation (X and [F5'(D), Fy'(w)]
for some specific quantiles [, u, for example | = 5%, u =95%),
there are 216 measures with localization = “range”. Additionally,
for each point x* € X, there are 12 measures with localiza-
tion = “point”. Obviously, not all of these performance measures
should be included in a simulation study which compares dif-
ferent methods for estimating non-linear associations. At least,
not all measures can be reported in the main manuscript. The
question then is, how researchers can choose a smaller, suffi-
cient set of performance measures for a simulation study. A
pre-selection of measures might possibly be based on the sim-
ulation settings: the “ground truth” curves might have certain
properties that make some measures more relevant than others.
Yet, the set of possible measures might still be rather large after
this pre-selection. To further reduce the set of measures, one
could look for groups of measures that give similar results, that
is, that attribute similar relative performance to the methods.
Such groups could be detected, for example, with a clustering
algorithm. Then it would suffice to report only one measure per
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group. Such a procedure would be somewhat more objective
than a subjective choice of measures, in the sense that research-
ers who perform the same cluster analysis would obtain the
same measures. We plan to explore this idea in future research.
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