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ABSTRACT

Multistate models offer a powerful framework for studying disease processes and can be used to formulate intensity-based and

more descriptive marginal regression models. They also represent a natural foundation for the construction of joint models

for disease processes and dynamic marker processes, as well as joint models incorporating random censoring and intermittent

observation times. This article reviews the ways multistate models can be formed and fitted to life history data. Recent work on
pseudo-values and the incorporation of random effects to model dependence on the process history and between-process hetero-
geneity are also discussed. The software available to facilitate such analyses is listed.

1 | Introduction

1.1 | Background

Long-term cohort studies offer an excellent source of data for
research on the onset and progression of chronic disease pro-
cesses. When interest lies in the time to a particular event,
insights are often gained from use of survival analysis meth-
ods. Yet, in many settings individuals may experience several
types of events (e.g., myocardial infarctions, bleeds, non-fatal
stroke, and death in cardiovascular research) and interest may
lie in studying the co-occurrence of these events and the rela-
tionship between their event times. Multistate models offer a
versatile framework for studying such processes through the
analysis of transition rates between different health states. Our

objectives are to provide a review of the general frameworks
and methodology for multistate analysis, to discuss the for-
mulation, estimation, and interpretation of alternative models,
and to illustrate their application. The paper follows our first
guidance paper on intensity-based models for time to event
analyses [1]. It is written primarily for readers familiar with
concepts and notation of survival analysis which we general-
ize to accommodate more complex processes. We stress the
connection between the multistate likelihood and partial like-
lihood used routinely in survival analysis, which facilitates
use of modern software for survival analysis for the analysis
of multistate processes. We hope this overview will promote
widespread informed use of multistate models in research on
human health and advance the general aims of the STRATOS
Initiative [2].
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The international STRATOS (STRengthening Analytical Think-
ing for Observational Studies) initiative aims to bridge the gap
between recent advances in statistical methodology and the
methods commonly used in applied observational research [2].
This gap largely stems from the lack of well-documented guid-
ance for analyzing observational data, unlike the widely adopted
CONSORT guidelines for randomized clinical trials (RCTs) [3].
Observational studies often involve more diverse objectives,
designs, and data structures than RCTS, posing complex analyt-
ical challenges that require a broad range of statistical methods.
While methodological innovations continue to emerge, applied
health research frequently relies on a narrow set of traditional
approaches. To improve the validity of conclusions from observa-
tional studies, STRATOS develops evidence-based guidance tai-
lored to researchers with varying levels of statistical expertise.
Initially, STRATOS comprised seven Topic Groups (TGs), each
addressing a specific area of statistical analysis [2]. The Survival
Analysis group (TG8) was added in 2015 to provide guidance on
time-to-event data, with its first contribution published in 2021,
focusing on intensity-based modeling of failure time processes
[1]. The present manuscript extends this work to the multistate
setting.

Diseases involving distinct stages can be naturally characterized
using multistate models. The states may represent different stages
of a progressive condition such as hepatitis [4], the presence or
absence of symptoms in episodic conditions such as chronic bron-
chitis [5], different phases of a response to treatment in can-
cer clinical trials [6, 7], or the course of a COVID-19 infection
as individuals move between moderate, severe, and critical dis-
ease states in hospital, become discharged, or die [8, 9]. In other
settings, multistate models have been used to characterize the
passage of insects through successive developmental stages of
their life cycle [10], the formation and dissolution of marriages
[11], or changes in the employment status of individuals in the
workforce [12]. Careful modeling of process dynamics can yield
valuable scientific insights regarding the natural disease course,
risk factors for disease onset and progression, and intervention

effects. Multistate models also offer a useful framework for the
specification of joint models for time-dependent covariate pro-
cesses and disease processes of interest; such models can improve
understanding of the dynamic relationship between two or more
processes.

The formation of multistate models begins with the specifica-
tion of a set of states S representing different conditions of the
process. These typically correspond to different states of health
or different stages of a disease process. For example, in degen-
erative conditions there are often grading systems to quantify
the degree of damage—the modified Steinbrocker scoring sys-
tem grades the degree of joint damage in rheumatology based
on radiographic images [13], and the extent of liver damage in
hepatitis C infection is graded according to the categories: fibro-
sis, fibrosis with portal expansion, bridging fibrosis, and cirrho-
sis [14]. States may also be defined by discretizing continuous
markers—this is a strategy routinely adopted to facilitate mod-
eling when processes are under intermittent observation; Satten
and Longini [15], for example, study immune function in HIV by
modeling change in states defined by ranges of CD4 cell counts in
conjunction with the diagnosis of AIDS. In other settings, states
are defined simply according to the occurrence of events. In can-
cer trials, for example, it is common to distinguish the states of
being alive and recurrence-free, alive following recurrence, and
dead; the dead state can be further distinguished according to
whether death occurred without or following recurrence. The set
of states S typically has a finite number of elements we label with
integers {0, 1,2, ..., K}, say, but processes with a countable num-
ber of states can also be modeled (e.g., recurrent event processes)
[16]. There is often a subset of states that can be entered directly
from a given state with this subset determined from the context.
Figure 1 contains some illustrative state-space diagrams repre-
senting some of the rich variety of processes that can be analyzed
using multistate models. The arrows in a state-space diagram rep-
resent the transitions that can be made directly. When processes
can terminate, the set of absorbing states from which individuals
cannot exit is denoted by .A.

{1

a)
o {7
d) e) f) g)
FIGURE1 | Some common processes represented as multistate models. (a) A 2-state failure process. (b) A recurrent event process or progressive

process. (c) A 3-state illness-death process. (d) A 4-state illness-death process. (e) A reversible illness-death process. (f) A competing-risks process. (g)

An example of a more complex model.
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Figure 1a is a two-state diagram representing a simple failure
process ideal for survival analysis with state 0 a transient state
and state 1 an absorbing state entered upon failure (e.g., death).
Figure 1b is a multistate diagram representing a recurrent event
process [17] where the state labels correspond to the cumulative
number of events experienced; there is no absorbing state rep-
resented here. Figure 1c is a conventional illness-death model,
which is useful for describing many processes in public health,
such as disease onset or progression, where death may also
need to be accommodated. For disease incidence, state 0 may
represent an initial healthy state, state 1 is entered upon dis-
ease onset and state 2 is entered upon death which may hap-
pen in disease-free individuals (as a 0 — 2 transition), or after
the development of the disease (corresponding to a 1 — 2 tran-
sition). Figure 1d is an alternative representation of an illness
death model with A = {2,2"} where the different absorbing states
convey whether deaths occurred in disease-free or diseased indi-
viduals. This distinction between Figure 1c and d may seem
trivial but the distinction between event-free death and death
following an intermediate event can enable more informative
descriptive analyses. Figure 1e is a reversible illness-death model
which, because the 1 — 0 transition is allowed, would be suit-
able for modeling the course of chronic obstructive pulmonary
disease (COPD) where exacerbation of symptoms may develop
and resolve over time [18]. The setting of K + 1 states with K
competing events is depicted in Figure 1f. Much more elabo-
rate state spaces can be defined to represent more complex pro-
cesses. For example, Figure 1g represents a semi-competing risk
problem with multiple non-fatal events and the principles and
methods we discuss next apply in such settings. Recent appli-
cations in complex multistate disease settings includes models
of COVID-19 patient disease trajectories as transitions among
five clinical states, mild or moderate, severe, critical, discharged,
and deceased, while allowing for reversibility between selected
states [8, 9]. Another example is the study of predictors of
changes in employment status among individuals living with
multiple sclerosis, which uses a three-state multistate model
comprising unemployment, part-time employment, and full-time
employment, with reversible transitions permitted between all
states [12].

In any multistate model, a time origin must be specified. This
can sometimes be obvious as in the case where it is the birth
of an individual, but sometimes its specification can be chal-
lenging. Discrete-time models can be adopted but we focus on
continuous-time models in which event times take values on the
positive real line.

1.2 | Examples of Multistate Processes

The following publicly available datasets are used throughout the
text to illustrate various approaches to multistate analysis. Codes
are available in the Supporting Information file.

1.2.1 | Recurrence and Death in Colon Cancer

In a clinical trial conducted in the 1980s to investigate the use
of levamisole and fluorouracil as adjuvant therapies for resected

colon carcinoma [19], a total of 929 patients with stage C disease
were randomly assigned to one of three groups: observation, lev-
amisole alone, or levamisole combined with fluorouracil. Enroll-
ment of patients was begun in March 1984, and was com-
pleted in October 1987. The time to cancer recurrence and
survival time were considered key outcomes. We consider the
illness-death process of Figure 1d, where state 1 is entered
upon cancer recurrence, state 2 represents recurrence-free death,
and state 2’ represents post-recurrence death. State 0 corre-
sponds to the initial state at the time of treatment assign-
ment which we set as the time origin (+ = 0). The dataset is
available in the R package survival [20]. The use of lev-
amisole has no effect, so we combine observation and levamisole
arms as the control and code treatment as SFU+Lev (1) ver-
sus Control (0). A total of 468 individuals experienced recur-
rence and 452 individuals were observed to die; most death
(414) occurred following recurrence. We revisit this example
in Section 2.2 to illustrate the estimation of cumulative tran-
sition intensities and state occupancy probabilities over time.
In Section 2.4, we illustrate the findings from intensity-based
regression modeling.

1.2.2 | Joint Damage in Psoriatic Arthritis

A second study we consider involves the study of joint damage
in individuals with psoriatic arthritis, an autoimmune condition
characterized by joint inflammation and damage along with skin
involvement. The University of Toronto Psoriatic Arthritis Clinic
began recruiting patients in 1977 and follows them over time to
study the disease process in a clinical setting [21]. Clinical and
radiological assessments are scheduled at regular intervals but
the examination times vary considerably between patients and
over time within patients. Here we consider study of the progres-
sion of joint damage in 305 individuals with psoriatic arthritis
from an exported dataset [22] available in the msm R package
[23]. There are 305 patients represented with a mean of 5.5 years
of follow-up (min = 0.1, max = 19.2) when we restrict attention
to individuals with a minimum of 2 visits—the average num-
ber of visits is 2.6 (min = 2, max = 7). Four damage states are
defined representing: mild, moderate, severe, and very severe
impairment. Specifically, state 0 corresponds to 0 damaged joints,
state 1 to 1-4 damaged joints, state 2 to 5-9 damaged joints, and
state 3 to 10 or more damaged joints. This is a progressive pro-
cess (i.e., transitions are irreversible) with transitions occurring
in continuous time, but information on the number of damaged
joints is only collected during periodic radiographic examina-
tions, scheduled to take place every two years. The actual tim-
ing of assessments varies considerably across individuals, result-
ing in random visit times. Figure 4a illustrates the recruitment
times and subsequent times of radiographic examination for five
patients. In Section 4, we consider Figure 1b, with four states and
two covariates—based on the number of effusions and the sed-
imentation rate—and model their effect on transitions to more
advanced states of damage. An effusion is a swelling of tissue
around a joint due to a build-up of fluid which signals the dis-
ease is in an active phase; the count of the number of effusions is
a measure of disease activity at the joint or patient level. Erythro-
cyte sedimentation rate is a blood marker reflecting the systemic
level of inflammation.
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1.2.3 | Rotterdam Tumor Bank Data

Data from the Rotterdam tumor bank, which includes 1546 breast
cancer patients who had node-positive disease and underwent a
tumor removal surgery between the years 1978-1993, are avail-
able in the survival R package [20]. We take the date of
surgery for tumor removal as the time of origin for Figure 1d;
date of relapse, date of relapse-free death, and date of post-relapse
death are the respective entry times to states 1, 2, and 2’. Prog-
nostic baseline variables are age at surgery, menopausal status,
tumor size, tumor grade, number of positive lymph nodes, lev-
els of estrogen and progesterone receptors in the initial biopsy,
hormonal therapy, and chemotherapy. Of the 1546 patients, 924
experienced a relapse of the disease (63%), 106 died without evi-
dence of relapse (7%), and 771 patients died after a relapse (79%
of the patients who showed a relapse of the cancer). This dataset
is used to demonstrate the frailty-based methods discussed in
Section 5.1.

1.3 | Overview of the Paper

In Section 2.1, we define intensity functions which serve as the
building blocks for full models of multistate processes. Differ-
ent classes of intensity functions are introduced, distinguished
by the time scale governing risk. We then discuss computation of
transition probability matrices for Markov processes and consider
functionals of intensities, which are often the target of inference.
Nonparametric estimation methods for a single sample with pro-
cesses subject to right censoring, are presented in Section 2.2.
In Section 2.3, we discuss the formulation of multiplicative
intensity-based models to study the effect of fixed or time-varying
covariates on transition rates. In Section 2.4, we derive the likeli-
hood based on a joint model for time-varying covariates, a cen-
soring time, and the process of interest. Section 3 focuses on
regression models aimed at estimating state occupancy probabil-
ities using so-called pseudo-values. Section 4 addresses scenar-
ios where processes operating in continuous time are observed
intermittently, typically during clinic visits; see the example in
Section 1.2.2. Section 5 explores the use of random effects in mod-
eling multistate disease processes. Section 6 provides a review of
statistical packages and functions available for multistate anal-
ysis. The advantages and limitations of multistate analysis are
summarized in Section 7, while concluding remarks and direc-
tions for future research are presented in Section 8. For ease of
reference, Section S5 of the Supporting Information file provides
a glossary of the notation used throughout the paper.

2 | Methodology

21 | Notation and Foundations

We let r = 0 represent the time origin of the processes under
study and assume they are observed from their onset unless oth-
erwise specified. Here we consider three types of notation with
which multistate processes can be represented. We define this
notation for the processes under study and discuss the notation
for data on such processes in subsequent sections; see Section 2.2,
for example. For progressive processes wherein each state can
be entered at most once, it is sometimes convenient to define

T, as the entry time to state k. If states are recurrent then one
can let T]f’) denote the rth entry time to state k, r=1, ..., k=
0,1, .... An issue with this representation is that entry times for
some states do not exist (i.e., when the state is not entered) and
when this is the case the associated distributions are improper.
A compact alternative representation is to use Z(¢) € S for the
state occupied at time ¢ > 0 and {Z(s),0 < s} to represent the
stochastic multistate process, where H(t) = { Z(s),0 < s <t} is
the history of the process—a record of the number, types, and
times of transitions over [0,¢). We assume Pr(Z(0) =0) =1 in
what follows unless otherwise stated. Counting process notation
yields a third powerful and convenient representation of multi-
state processes—here we let N, (¢) record the number of direct
k — I transitions over [0,]; { N, (#),0 < s} increments by one
at TI(’) if state [ is entered from state k at TI(’). Counting pro-
cess notation is used in modern research on life history processes
because it easily accommodates very general processes and aligns
with the martingale representation and theory used to prove large
sample properties of estimators [24].

Intensity functions are the fundamental building blocks of mul-
tistate processes, with the k — I intensity function given by

Al H @) = lim L PHZ(+ ) = 11Z@) =k H@) . k21, (1)

where ¢~ denotes infinitesimal amount of time before 7. This
therefore represents the instantaneous risk per time unit of a
k — I transition at time ¢ given state k is occupied at t~ and the
history which records the number and types of all transitions
over [0, 1). The representation (1) is very general and modeling
requires explicit specification of how the history affects the risk of
transitions; while this is a powerful framework it can be a daunt-
ing challenge to specify the nature of this history dependence
correctly but there are some special models that are useful for a
wide range of applications.

For Markov processes, the k — I intensity function does not
depend on the process history beyond the fact that state k
is occupied at r~ so we write A,,(t|H(1) = A,(t|1Z(t") =k) =
A (®). In an early exploration of the use of Markov processes,
Fix and Neyman [25] model cancer recurrence, death and loss
to follow-up with time-homogeneous transition intensities for
which 4,,(t) = A, for (k,1) € {(0,1),(0,2),(1,2)}. Time homoge-
neous models were used routinely in early work on multistate
modeling and these—along with related weakly parametric mod-
els [26] —remain useful when processes are under intermittent
observation. We point out in Section 2.2 that natural nonpara-
metric estimates are easily obtained with right-censored data and
emphasize semiparametric methods in regression settings. For
semi-Markov processes, the intensity depends on the time since
entry to state k, so we write Ay, (t{|H () = Ay(BO|Z(1™) =k)
where B(1) = 1 — " with n,(1) = Y50 N (") the total num-
ber of times state k was entered over [0,7) and ti"k(’)) the time
that state k¥ was most recently entered at r > 0. Multistate pro-
cesses may involve some intensities with a Markov form and
others a semi-Markov form, while others may involve hybrid
time-scales. For example, in chronic obstructive pulmonary dis-
ease, individuals may have recurrent exacerbations of symptoms,
which may arise with increasing frequency with longer disease
duration; the time to resolution of an exacerbation may also tend
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to increase with increasing disease duration. The intensity in
such cases can involve specification of a basic time scale and
incorporate dependence on other aspects of time via regression.
For instance, one can adopt models of the form A,,(t|H()) =
(B Z(17) = k) exp(g(n"y) where g(1) is a function of time
and y is a parameter that characterizes the dependence on #; that
is a semi-Markov model is obtained if y = 0.

The continuous-time Markov model is a canonical model
that warrants special attention. As noted earlier, the intensity
Ayt H (1)) = Ay, () for such processes, and we define the cumu-
lative transition intensity as Ay, (t) = /OtdAkl(s) where dA,(s) =
Ag(s)ds. With state space S = {0,1, ..., K},a (K +1) X (K +1)
transition intensity matrix d A(s) can be formed with off-diagonal
entries d Ay, (s) and (k, k) diagonal entry — Z#k d Ay (s); the rows
and columns are ordered here to correspond to the ordering of
states 0,1, ..., K, respectively. Consider a partition of the interval
[s,7] defined by s =uy <uy <+ <up=twith Au, =u —u_,
and define AA(u,) = A(u;) — A(w,_),r=1,...,R. WithTa(K +
1) X (K + 1) identity matrix, note that I + AA(u,) can be viewed
as an approximation to a (K + 1) X (K + 1) transition probabil-
ity matrix characterizing the state occupancy distribution at u,
given state occupied at u,_;; specifically the (k, /) entry (k # I) of
I+ AA(u,) with AA, () = 44, (u,_;)Au,, approximates the prob-
ability that state / is occupied at u, given state k was occupied
at u,_;; the (k, k) diagonal entry 1 — AA,.(u,) approximates the
probability that no transition is made given state k was occupied
atu,_,. Then in light of the partition, the product

R
[T+ aaw)
r=1

approximates the transition probability matrix P(s,t). This
approximation improves with larger R values and if we take the
limits, R — oo and max(u, — u,_;) — 0, we write

R
P(s,t) = ggo E{I +AA@w,)} = (1;[]{1 +dAW) )

where the final term is simply the notation used to represent a
product integral [24].

Having obtained a (K +1)x (K + 1) transition probabilities
matrix P(s, #) with (k, I) entry p,,(s, 1) = Pr(Z(t) = 1| Z(s) = k), we
are now in a position to use this matrix to describe features of
the multistate process. When Z(0) =0 and s = 0 in (2), p,(?) =
Pr(Z(t) = k| Z(0) = 0) is the probability that state k is occupied
at time ¢ > 0. This enables us to define a wide range of marginal
features, including:

i. The probability that the process is in one of a set ST of states
is given by ¥, s+ pc(1), ST € S.If ST = A this corresponds
to the probability that the process has terminated by time
t > 0,and if ST C A then this is the probability that the pro-
cess terminated due to absorption into a specific subset of
the absorbing states.

ii. The expected total sojourn time spent in state k is u, =
[e] . . . .

fO P (wdu, where sojourn time is the amount of time spent

in a particular state before moving to another state; we use

the term “total sojourn time” for the time allowing for mul-
tiple spells in a given state. A restricted mean sojourn time
over the interval (0, 7] can be defined by specifying a finite
upper limit of integration, expressed as y,(7) = /OT pr(wdu.

iii. For progressive processes, the cumulative incidence func-
tion for state k, given by F, () = Pr(T, <1) = EjESk p;(®
where S, C S includes state k and any states that can be
entered following a sojourn in state k. This is the probabil-
ity of having entered state k by time 7.

Here, the term marginal refers to functionals of the multistate
process defined without conditioning on intermediate events
or time-varying covariates realized after the time origin. When
data are subject to left truncation, direct estimation of marginal
features may be more involved. As we discuss in Section 3.1,
analyses should condition on the process history to support the
assumption of independent delayed entry. With transition inten-
sities estimated following such conditioning, marginal features
can then be estimated by computation involving model assump-
tions. We next discuss the nonparametric estimation of P(s, 1),
which is relevant in many real-world applications as a descriptive
analysis, as illustrated in Section 2.2.

2.2 | Censored Data, Nonparametric
Estimation, and Descriptive Functionals

Although time-homogeneous Markov processes assume constant
transition intensities, this assumption can be relaxed in a straight-
forward manner by allowing the intensities to vary with time
while retaining the Markov property. In particular, parametric
models can be easily extended to accommodate temporal trends
in transition risks; piecewise-constant intensities provide a sim-
ple and practical formulation, yielding estimates of transition
rates over prespecified time intervals and proving especially use-
ful when processes are observed intermittently; see Section 4.
Here we consider a one-sample problem in which processes are
under continuous observation from a common time origin ¢ = 0,
but subject to right-censoring, and for this setting nonparamet-
ric estimation is relatively straightforward. In what follows, we
consider a single sample of n independent processes for individu-
als observed to a maximum time 7, a fixed administrative cen-
soring time. We consider this as a planned fixed and common
duration of follow-up but it can, in principle, vary between indi-
viduals. To accommodate loss to follow-up, let C;* denote a ran-
dom right-censoring time so that individual i is observed continu-
ously over the interval [0, C;] where C; = min(C;, 7). We assume
here that C; is independent of the process {Z(s), 0 < s}, but
comment on this more in Section 2.4.

Defining the at-risk process and counting processes for events is
more involved in a general multistate setting compared to the sin-
gle failure time setting. The function Y;(r) = I(t < C,) indicates
whether the process for individual i is under observation (i.e., is
uncensored) at time ¢ > 0. If N,(?) is the total number of k — [
transitions over [0,¢] for process i, AN, (t) = N,;,((t + A)") —
N,,,(t7) represents the number of k — I transitions for individ-
ualiover[t,t + At),and d Ny, (t) = lim,, ; AN;,(t) isan indicator
that they experienced a k — [ transition at ¢. Let Y;,(¢) = I(Z;(t)
= k) indicate that state k is occupied at ¢ by individual i, and
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to distinguish the underlying counting process and the process
observed under this censoring scheme, let ?ik(t) =Y,(1)Y;, (1)
indicate a transition of individual i out of state kK may be observed
at time 7. Then, let d N, (1) = Y, (t) d N,,,(t) indicate that a k —
I transition is recorded for process i at time 7, and N, (1) =
fO'Y,.k(s) dN,,(s) denote the total number of k — [ transitions
observed for process i over the interval [0,7]. If k € A, then
dN,,, (1) is zero for all t > 0 and all / € S, since absorbing states
cannot be exited.

A natural estimator of dA,(¢) is given by

dN (1)

d//ik,(t) = —=
Y.,

3)

where dN () = XY ;. ()d N, (1) is the total number of k — [
transitions at time ¢ observed in the sample, and Y,k(t) =
ZLl?ik(t) is the total number of individuals at risk of a k — /
transition in the sample at time ¢. This is analogous to the non-
parametric estimate of the increment in the cumulative hazard
at time ¢ in survival analysis which also has the form “number of
events in the sample at time ¢ > 0, divided by the size of the risk
set at time ¢.” Note that we require 7,k(t) > 0 for this estimate to
be defined at r and by convention we take d/A\k,(t) = 0 when this
is not satisfied. The Nelson-Aalen estimator of A,(?) is then

t
Ay = / dAy, (), 4)
0

which is a Stieltjes integral representation of a discrete sum of the
distinct k — [ transition times over (0, ¢] [24]. It is apparent from
(3) that the integrand will be zero except at times when k — [
transitions are observed.

The Aalen-Johansen estimator [27] of the transition probability
matrix P(s, 7) is obtained by replacing the unknown quantities in
the right-hand side of (2) with the estimates given by (4), to obtain

P(s.t) = [ i1+ dAw)) (5)

(s.1]

where K(u) is the matrix of estimated cumulative transition
intensities obtained by replacing A,,(r) with the Nelson-Aalen
estimator.

If processes are observed from s = 0 and Pr(Z(0) = 0) = 1, the top
row of f’(s, t) contains the Aalen-Johansen estimator of the state k
occupancy probability, p,(¢), k = 0,1, ..., K. This in turn enables
estimation of the functionals (i)—(iii) along with many others.
Note in particular that if we have a two-state survival process with
states 0 and 1, the estimate (4) of Ay, () is the Nelson-Aalen esti-
mate of the cumulative hazard function and by applying (5) we
obtain the Kaplan-Meier estimate of the survival probability as
Do(?), the top left entry of the 2 X 2 matrix P(0, 1.

Importantly, while the nonparametric estimator (5) is motivated
by the Markov assumption, the estimates of p,(¢) are robust and
valid for non-Markov processes provided censoring is completely
independent of the multistate process [28, 29]. The infinitesi-
mal jackknife offers a remarkably accurate approach to robust

variance estimation in this setting; this is implemented in the
survival library in R [7]. This means that the estimate (5)
and inferences based on it can be valid for a broad range of
processes [?].

2.21 | The Colon Cancer Study Revisited, I

To illustrate, we consider the colon cancer data set, introduced in
Section 1.2.1. The code is available in Section S1 of the Supporting
Information file. The data frame is structured in the “counting
process” format, making it suitable for analyzing in terms of a
broad class of multistate processes. In this format, the follow-up
period for each individual is divided into intervals during which
the individual is at risk of transitioning from one state to any other
possible state. The presence of the Y, (¢) term in the denomina-
tor of Equation (3) necessitates tracking when individuals occupy
different states, specifically when they are at risk of transitioning
out of state k.

Figure 2a shows the Nelson-Aalen estimates of the cumulative
transition intensity for recurrence (0 — 1) along with pointwise
95% confidence intervals. The slope of these estimates convey
how the recurrence intensity (i.e., risk of recurrence among indi-
viduals who are alive and recurrence-free) changes over time. The
estimate for the control group shows a roughly constant inten-
sity over the first two years, followed by a period with a lower
intensity leading to decreased slope. The Nelson-Aalen estimate
for the 5SFU+Lev group has a lower initial intensity over the first
two years, which also levels off afterward. Figure 2b presents the
Nelson-Aalen estimates for transitions into death states (0 — 2
and 1 — 2’) and pointwise 95% confidence intervals. The very
small estimates reflect that relatively few individuals make tran-
sitions directly from state 0 to 2 for either treatment group.
Among individuals who experience early recurrence, however,
those individuals receiving SFU+Lev have an elevated intensity
for death; see the sharp increase within the first six months. There
is no sharp increase in the cumulative intensities for the control
group with the estimate for the 0 — 2 transition very small for the
range of time considered. However, for state k = 1 the denomina-
tor of Equation (3) may be very small in the first few months and
this may be an artefact— the slopes of 1 — 2’ are roughly similar
after this initial six months period. Figure 2b suggests a slightly
elevated risk of death in the 5FU+Lev group compared to the con-
trol arm. The overall reduction in post-recurrence mortality in the
5FU+Lev group is primarily due to a lower risk of recurrence.
The separation in the Nelson-Aalen estimates is largely driven by
differences observed during the early follow-up period, when the
number of subjects at risk is relatively small.

If T, is the time of entry into state 1, then the cumulative
incidence function for recurrence, F;(¢t) = Pr(T} <t), can be
expressed as the probability of having entered state 1 by time ¢,
given by F,(¢) = p,(?) + py (). Likewise, the cumulative incidence
function for recurrence-free death is defined as F,(¢) = p,(¢),
while the probability of death following recurrence is given by
F, () = py(t). Note that these are all sub-distribution functions
because they do not approach 1 as t — oo due to the presence
of competing risks. Such functions, however, have the appealing
feature of being interpretable as probabilities.
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(a) Cumulative Transition Rates for Recurrence

(b) Cumulative Transition Rates for Death
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FIGURE2 | Colon cancer study: (a) Nelson-Aalen (NA) estimates of cumulative transition intensity for recurrence (0 — 1) along with a pointwise

95% confidence interval. (b) NA estimates of cumulative transition intensity into death state (0 — 2 and 0 — 2’) along with a pointwise 95% confidence

interval. (c) Aalen-Johansen (AJ) estimates of the cumulative incidence functions of recurrence. (d) AJ estimates of the cumulative incidence functions

of recurrence-free death and post-recurrence death.

The Aalen-Johansen estimates of F; (7) are shown in Figure 2c for
each treatment group. It is evident that the 5FU+Lev group has
an appreciably lower risk of recurrence. Figure 2d presents the
estimates for the cumulative incidence functions of death-related
events. Evidently, the risk of recurrence-free death is low in both
treatment groups, and SFU+Leyv is associated with a reduced risk
of post-recurrence death.

2.3 | Intensity-Based Regression Models

If interest lies in assessing the relationship between time-varying
covariates and the multistate process, this can be studied through
intensity-based regression models [16, 24, 30, 31]. Let X (¢) repre-
sent a p X 1 covariate at r and { X(s),0 < s} denote the covariate
process. If H(t) = { Z(s), X(5),0 < s < t} is the expanded history
including information on the covariate path, the intensity func-
tion can be modified by replacing H (¢) with H(¢) in Equation (1).
Intensity-based regression models aim to characterize how the
instantaneous risk of a k — / transition depends on the features
of the covariate process. Time-dependent covariates can repre-
sent external factors such as season, air pollution, and so forth. or
may be based on auxiliary features of the disease process; often
interest lies in examining how marker processes may relate to
the disease process of interest. Cholesterol levels, for example,
may be recorded in cardiovascular trials and interest may lie in
relating these to the risks of cardiac events, hospitalization, or

death. One may also define time-dependent covariates to summa-
rize important aspects of the process history to model the history
dependence via regression. The most common form is the multi-
plicative model [16, 24, 31, 32], where

A (tIH(@®) = Ay (1 H () exp(X (1) ). (6)

The vector of coefficients f,, characterizes the effect of covariates
on the k — [ transition intensity. Specifically, exp(f,,,) is the rel-
ative risk of a k — [ transition associated with a one unit increase
in the sth covariate of X (¢), whereas all other covariate values are
unchanged. In survival analysis, the term hazard ratio is often
used but relative risk is a broader concept that is more suit-
able in intensity-based regression analysis. If A,,(t| H()) = 4,,(?),
this is called a modulated Markov model, where the covariate
process modulates the baseline Markov intensity. This simple
model can be used to examine the association between events;
for example for an illness death process if A,,(r) differs from
Ag2(#) then the intermediate event impacts the risk of death. This
can be studied by fitting models with the constraint A,,(f) =
Aga(t) exp(p). Likewise, if A,,(t| H (1)) = A,,(B(?)) in (6), this cor-
responds to a modulated semi-Markov model [16]. When covari-
ates are time fixed, conditional on the covariates X, these mod-
els reduce to Markov and semi-Markov models, respectively. For
Markov processes given covariates X, a (K + 1) X (K + 1) transi-
tion probability matrix P(s, 7| X) can be defined with (k, /) entry
Pr(Z(t) = 1| Z(s) = k, X). This can be estimated by stratification
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if the covariates are discrete, or by fitting regression models like
(6) and applying product integration as in (2). Covariate effects
can also be expressed as having additive effects on the process
intensities [28]. For non-Markov processes, computing transition
probabilities is more challenging [33, 34].

Conditional on the covariate process, the stochastic nature of the
multistate process is fully specified by the set of transition inten-
sities [24, 30]. When covariates are time-varying, joint models for
the covariate and disease processes are often useful. We next dis-
cuss constructing likelihoods in the presence of time-dependent
covariates and random censoring, and address likelihood con-
struction under intermittent observation in Section 4.

2.4 | Likelihood for Intensity-Based Models
With Time-Dependent Covariates

When processes involve time-dependent covariates and loss of
follow-up, it is important to recognize that these are random pro-
cesses which play a role in the data generation. Here, we discuss
likelihood construction with this in mind [16].

Let C(z) = I(C; < 1) be the indicator of whether random cen-
soring (e.g., loss of follow-up) occurred by time ¢, and denote
the corresponding counting process as {C(s),0 < s}. Informa-
tion about time-varying covariates usually ceases when the mul-
tistate process enters an absorbing state or the process is cen-
sored and we assume this in what follows. Hence, the at-risk
process should be adjusted accordingly. Let Yi*(z) =1(Z,) ¢
A) indicate that the occupied state at time ¢ by individual i
is a non-absorbing state, Y,(1) = Y,.(t)Yl."'(t‘) equals 1 if individ-
ual i may be observed to transit at time 7. The vector N, (t) =
(W,-k,(t),l #k,1=1,...,K)T records the cumulative number of
transitions from state k over (0,¢] where it is understood that
these counts will be zero for state / thitTcannot be entered
directly from state k. Finally, N () = (N, (0),k & A)T is the
vector of all counting processes of non-absorbing states. We
define Af,-(t) = Yi(t + AN{X,((t+ Ar)") — X;(t7)} to represent
an increment in the observed covariate vector over [z, + Ar).
Here, Yi(t + Ar) ensures that the multistate process has not yet
reached an absorbing state or been censored by ¢ + At so the
covariate can be observed. Additionally, d X ,(r) = lim,, 10 AX (1)
and X,(f) = [, dX,(s). The history of the observed multistate,
covariate, and random censoring processes is then denoted by
H,(1) = {Y,(s), N,(5), X,(5),0 < s < t; Z;(0), X,(0)}. The intensity
for random censoring is then defined generally as

.1 ¥ 111y e (AT
limL Pr(ACT () = 17L(0) = V(0 #CH@), ()

where ACH (1) = C((t+ At)") = C/(t7). The term ?i(t) in
Equation (7) ensures that the censoring intensity is zero once the
multistate process is censored or reaches an absorbing state.

To construct the full likelihood, we consider a partition of
[0, 7] defined by the points 0 = u, < u; < --- < ug = 7. We then
consider the contributions over the sub-intervals [u,_;,u,), r =
1, ..., R. To this end we let AX,(,) = Y, (u,){X,(,) — X,(u,_,)}
represent an increment in the covariate vector and let AN, (u,) =
Y:(u){N;@u ) — N;(u_,)} denote the number of transitions

over [u,_,,u,). Finally, H,(u,)= {Y,(u,),AN,u,),AX (u,),s =
1,...,r; Z,0), X;(0)} is the history of the censoring and joint
multistate and covariates processes over the partition. For inter-
val [u,_;,u,), the following contribution is made by processes i:

{ [Pr(AY,.(ur)mﬁ,.(u,), Y(u,) = 1,ﬁ,.(u,,1))

Fr <Aﬁi(“r)|Y,-(ur) = l,ﬁi(ur_l))]y’(u’)

. _ ACH ()
x Pr (Acl.- ) = 1|H,.(u,_1)>

l . 1-AC () Y, )I(Z,(u,_1)EA)
Pr (AC;’(u,) = O|Hi(ur—1)) }

Note that a likelihood contribution is made over [u,_;,u,) by an
individual only if they have not been censored and the multistate
process is not in an absorbing state at time u,_;. Second, there is
a contribution related to the multistate and covariate processes
only if the individual is not censored by time u,. Third, by adopt-
ing the particular factorization here, the stochastic model for the
increment in the covariate process is conditional not only on
AX,(u,_,), ..., AX,(u;), X,(0) but also on AN, («,), ..., AN,(u;),
Z,(0) and I(C; > u,). This accommodates the setting in which
covariates may cease to be defined when certain (usually absorb-
ing) states are reached in the multistate process. This formu-
lation requires covariates to be available in continuous time.
This can narrow the scope of problems that can be handled, but
in many applications covariates are constant between observ-
able change-points. Examples include settings where they record
whether particular events have occurred or not. When discrete
time-dependent covariates are measured only at intermittent
assessment times a joint multistate model can be formed while
continuous time-dependent covariates may lead to use of joint
modeling techniques [35].

Under the partition 0 =u, < u; <--- <up =7, the full likeli-
hood based on data of individual i over [0, 7] is the product of
the following three terms:

R
ITe: (A}[(u,)lAﬁi(u,), Yu,)=1H,u,_,)

r=1

)X(ur)i(z,(urfl)éA)

®)
pertaining to the covariate process,
X — — Y H(Z, ) A)
I1e: (AN,.(u,)|Y,.(u,) -1, H[(u,_1)> ©)
r=1

pertaining to the multistate process, and

)Y,-<u,_1>l<2,<u,_l>eA>

R
[T Pr (AC @I H )
r=1

for the random censoring process.

The censoring and covariate processes are said to be noninforma-
tive if there is no information to be gained about the parameters
of primary interest (i.e., those indexing the multistate process) by
modeling the censoring or covariate processes. Thus unless inter-
est lies in joint modeling of a covariate (often termed a “marker
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process”) and the multistate process, under the assumption that
the censoring and covariate processes are noninformative, it is
customary to restrict attention to (9). This requires specification
of intensity function for the observable counting process. We
write the probability of a contribution for a particular interval
[4,_1,u,)in (9) as

Pr( AN, w1, ) = 1. H ) )

>Ytk(ur—1)

I~

Pr (Aﬁik(ur)m(u,) =1LHu,_)

s

~
Il

1

which can be written more explicitly as

) AN ()

K K _ .
H{ IT ®r (AN,.k,(u,) =1%,) = 1. H,(u,_,)
k=1 1#k=1

- Y (u,_y)
_ _ 1-AN,, (1)
Pr (ANik_(u,) =0[Y,(u,) = l,H,-(u,_l)> } .

(10

where N, () = El’; k=1N,.k,(t). To proceed further, it is necessary
to define the intensity for the observable counting process

1 — —
lim Pr(ANik,(t) =1Y,() =1, H,.(t)). (11)

To express this in terms of the intensities of the process of inter-
est, we require an additional assumption that the random censor-
ing is conditionally independent of the multistate process, given
the history ﬁ,(-) [24, 30, 36]. This is often simply referred to as
independent censoring. Under this assumption the probability
in the numerator of (11) is Pr(AN,,(t) = 1|H,(#)), and we can
write the intensity (11) as Y[k(t) Ay (t/H,(2)). Then, by expressing
(11) in terms of A, (t|H;(t)) and taking the limit as R — oo we
obtain

K K
L [TT] L (12)
k=11#k=1
where
Ly { II Ak,(t,lH,.(t,))}exp<—/ Y W) A (ulH,w)) du) ,
t,€Dy, 0

13)

with D,;, being the set of k — I transition times observed over
[0, 7] for observation i. The likelihood contribution presented
here corresponds to individual i. For a sample of »n independent
processes, the overall likelihood is the product of these terms,
I1_,L;. If the elements L,, do not share any parameters then
optimization of (12) can be carried out by separately optimizing
(13) which in turn can be carried out using standard software
for survival analysis provided it can deal with left-truncated and
right-censored data. The large sample properties of the resulting
estimators follow immediately from those of standard survival
analysis. See Andersen et al. [24] for the technical details and
Aalen et al. [30], Cook and Lawless [16], and Andersen and Ravn
[37] for related material.

241 | The Colon Cancer Study Revisited, II

To illustrate the intensity-based regression modeling, we exam-
ine three risk factors in the colon cancer study: treatment
group (5FU+Lev versus control, denoted X, ); extent of invasion,
defined as a binary variable with submucosa or muscle (values
1 or 2 in the dataset) versus serosa or contiguous structures (3
or 4) (X,); and an indicator of more than 4 lymph nodes being
involved (X). The actual number of lymph nodes involved may
be a better reflection of disease stage but we dichotomize in this
illustration. We then apply intensity-based regression models of
the form

A1 X)) = Ay (D) exp(X,.Tﬂk,)

where X; = (X1, X5, X;3)T and p,, is a vector of regression coef-
ficients conveying the effect of covariates on the k — [ inten-
sity, (k, 1) € {(0,1),(0,2),(1,2")}; see Figure 1d. Here, the Markov
assumption implies that, conditional on the current state and
covariates, transition intensities do not depend on the earlier
process history. While convenient for modeling, this assumption
may not be realistic in many applications. It can be seen in
the code, available in Section S2 of the Supporting Information,
that model-based standard errors are reported; similar results are
obtained when robust standard errors are specified. The results
of Table 1 and Figure 3 show that the 5SFU+Lev treatment sig-
nificantly reduces the rate of recurrence when controlling for the
extent of disease involvement and nodal involvement. Likewise,
individuals with more extensive disease and those with more
than 4 lymph nodes involved have significantly higher rate of
recurrence when controlling for treatment. For recurrence-free
death, there is no evidence of an effect of any of the risk fac-
tors. For death following recurrence, one may be tempted to con-
clude there is possible harm from the treatment when controlling
for the extent of disease and nodal involvement. However, we
caution against such interpretation, since more comprehensive
treatment of possible time-dependent confounding factors is war-
ranted. A more nuanced analysis of this process is warranted and
would be possible with a larger set of possibly time-dependent
covariates. In this case, the main aim would be to investigate
whether different types of individuals experience recurrence in
the two arms, and, if so, to account for these differences when
assessing the effect of treatment on post-recurrence mortality.
Alternatively, one may base analyses on pseudo-values as we
discuss in Section 3.4.

3 | Other Modeling Considerations

3.1 | Delayed Entry and Incomplete Data
on Process History

The previous section covered intensity-based modeling in an ide-
alized scenario where individuals are observed from the onset of
their process. While this is typical in inception cohorts, in many
studies individuals are enrolled after the process has already been
underway for some time. Recruitment is often a two-step pro-
cess: first, identifying individuals eligible for inclusion; second,
obtaining their consent to participate. We initially assume that
information on the pre-selection history is available.

Statistics in Medicine, 2026

9 of 27

85U8017 SUOWILLIOD @A 111D 3]qeo! [dde au Ad peuienob ae e YO ‘8sn Jo Sa|nJ o Afeid]aU1|UO /8|1 UO (SUO N PUOD-PUB-SWLBIW0D" A8 |1 ARe.d 1 |Bu[U0//:SANY) SUORIPUOD pue swiie | 8y 88 *[920z/0T/ST] Uo Ariqiaulluo Ae|Im ‘eiseAlun-sBimpn1-1eqy Aq €650 WIS/Z00T OT/I0P/W00 A8 i Akeqijeul|uo//sdny wouy pepeojumod ‘ZT-0T ‘9202 ‘8520260T



TABLE1 | Colon cancer study: Cox-regression coefficients (Est), standard errors (SE) and relative risk (RR) from intensity-based analyses.
Transition Covariate Est SE RR p
Entry to recurrence, 0 — 1 5FU+Lev —0.508 0.106 0.603 < 0.001

Extent 3 or 4 0.649 0.168 1.914 < 0.001
Nodes > 4 0.845 0.096 2.328 < 0.001
Recurrence to death, 1 — 2’ 5FU+Lev 0.235 0.113 1.265 0.037
Extent 3 or 4 0.304 0.179 1.355 0.091
Nodes > 4 0.379 0.103 1.461 < 0.001
Entry to death, 0 — 2 5FU+Lev 0.031 0.333 1.035 0.917
Extent 3 or 4 0.108 0.449 1.115 0.809
Nodes > 4 0.486 0.373 1.627 0.193
Lev+5FU | ———eo——— Entry to Recurrence
Extent 3 or4 — °
Nodes >4 — — ——
Lev+5FU —o—
: Recurrence to Death
Extent 3or4 — °
Nodes >4 — e —
: Entry to Death
Lev+5FU re
Extent 3 or 4
Nodes >4 —
T 1 \ T T T T T
0.5 1.0 1.5 2.0 25 3.0 35 40
Relative Risk
FIGURE3 | Colon cancer study: relative risk and the corresponding 95% confidence intervals from intensity-based Cox regression analyses.

Let A; denote the recruitment time of individual i, after which
we intend to observe their process over (4;, 7], say. In some
settings, such as the UK Biobank [38, 39], information on
certain transitions over (0, A;] is available (e.g., cancer diag-
nosis), whereas other events may be unrecorded (e.g., first
diagnosis of hypertension). Let YA(t) = I(A; <1) and Y,(t) =
Y’,A(t)Yl.(t)Yl.T(t‘) indicate that individual i is under study (i.e.,
has been recruited and has not yet been censored or entered
an absorbing state), and Y, (f) = Y[A(t)Y,-(t)I(Z,-(t‘) = k) indi-
cates that the individual is under study and at risk for transi-
tion out of state k at time 7. Note that we use t~ in I(Z;(t") =
k) since they must be at risk at time ¢ but use ¢ for YI.A(Z) and
Y,(t) since they must be under observation at ¢ if we are to see
any such transition. Similar to previous notation, let dN,,, (1) =
Y, dN @), Ny () = (Nyy (0,1 # k1 =1, ...,K)T and N,(t) =

T
(NI.Tk(t),&‘ A) . With time-fixed covariates, the broadened his-

tory including the information on the delayed-entry time may
be written as F,(t) = {Y/A(5),Y;(s),dN,(s),0 < s <1,X,}. This

assumes that information on the process before A, is available,
enabling the modeling of the intensity function over (4, r].

Under conditionally independent delayed entry [40] and condi-
tionally independent loss to follow-up

1 - _ _ s
lim — Pr(AN,, (1) = 1| Z,(t7) = k, 7,(1)) = ¥ ;o () A, (t1H, ()

The likelihood can then be constructed as in (12, 13), but with
Y (1) replaced by ¥, (r) and D,,, being the set of transition times
observed over [A;, 7). When censoring is conditionally indepen-
dent but this equality does not hold, there is evidence of depen-
dent delayed entry. Addressing dependent delayed entry is more
challenging than addressing dependent loss of follow-up since
information on unselected individuals may be unknown. Acqui-
sition of a representative sample or population data can both help
gauge the extent of any bias and offer an avenue for mitigating the
effect of selection bias [39, 41].
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In settings where information on the process for r < A; is
either completely missing or highly coarsened [42], fitting
intensity-based models that heavily depend on the process history
becomes challenging. Efforts to obtain this history are warranted,
as otherwise stronger simplifying modeling assumptions would
be required. Although Markov models should be justified based
on scientific plausibility and evidence of adequacy, they are par-
ticularly appealing for use in such situations, as the intensities
are independent of the histories given the current state.

3.2 | Time-Dependent Covariates and Joint
Modeling

The factorization of the likelihood given in Section 2.4 justifies
the use of the likelihood based solely on the multistate process.
However, joint modeling of covariates and multistate processes is
of scientific value in settings where the interest lies in the rela-
tionship between the two processes. For example, when study-
ing the role of markers of bone health in relation to the risk of
fractures, continuous markers of bone formation and resorption
could be incorporated into the intensities for the occurrence of
first and subsequent bone fractures. Fractures, in turn, can affect
bone markers, and this effect can be examined within a joint
model for the two processes [43]. In this case, a likelihood based
on (8) and (9) can be considered. If the continuous bone mark-
ers are discretized, a joint multistate model can be constructed,
with states defined by combinations of marker levels and frac-
ture states, potentially including an absorbing state for death. In
this example, an additional challenge arises when covariates are
subject to intermittent observation. We discuss how this can be
addressed in Section 4.

3.3 | Inference for Marginal Parameters
and Pseudo-Values

The intensity functions are the fundamental components of a
multistate process, and, as shown above, specifying all inten-
sity functions enables the construction of the likelihood. This
further implies that all probabilistic aspects of the process are
determined —at least when the intensity model does not include
time-dependent covariates that introduce ‘extra randomness’
beyond the multistate process itself (i.e., when the likelihood
based on Equation (8) is straightforward). Thus, marginal fea-
tures, such as state occupancy probabilities, p, (), and expected
sojourn times, y,, in the states, can be estimated based on the esti-
mated intensity functions, either through a “plug-in” approach (if
the mathematical relationship can be specified) or via simulation.

However, in a regression setting, the plug-in approach does not
provide parameters that directly describe the association between
time-fixed covariates, X and, for example, p,(¢). Additionally, if
the primary scientific interest lies in such an association, then
typically all intensity functions need to be modeled, and model
misspecification becomes a concern. It is therefore of interest to
directly specify a marginal model for the association, that is, with-
out relying on models for the intensity functions.

In general, it is not possible to specify intensity functions for the
multistate process in such a way that a simple marginal model,

such as (14), holds. Therefore, a direct marginal model should
be seen as a ‘working model’, useful for assessing a direct asso-
ciation between the marginal parameter and X, but not neces-
sarily reflecting the true data-generating mechanism. For any
regression model, simplifying assumptions, such as additivity
and linearity, should be carefully evaluated through appropriate
diagnostics.

Here, we discuss two recent approaches to direct marginal mod-
eling: direct binomial regression using inverse probability of cen-
soring weighted (IPCW) generalized estimating equations (GEE)
[44, 45] and the pseudo-values (PV) method [46, 47]; see also
the recent book by Andersen and Ravn [37]. We illustrate these
approaches by studying p, (#,) for a fixed time point z), but empha-
size that similar methods can be applied for joint inference at
multiple time points, p,(#,), ..., p(,), or for the r—restricted
mean sojourn time in state k, p,(r) = /()Tpk(u)du. Addition-
ally, conditional probabilities, such as py(s,?|X) = Pr(Z(t) =
1| Z(s) = k, X) or p,,(s,t| X (s)) = Pr(Z (1) = I| Z(s) = k, X(s)) can
be studied using these approaches via the method of landmarking
[48-50].

Consider a regression model
g(p(ol X)) = X['p 14

where p,(t|X;) = Pr(Z,(t) = k| Z,(0) = 0, X;(0) = X;), g is a spec-
ified link function, and the coefficient vector f includes an inter-
cept specific to the time point ¢,. Thus, the coefficients will be
specific to both the state, k, and the time point, 7,, though for
ease of notation we denote coefficient vector as . Typical link
functions include the cloglog, corresponding to a proportional
hazards model in the two-state model (Figure 1a), or the logit
function.

Direct binomial regression builds on those subjects for whom the
state k indicator I(Z;(t,) = k) at time 7,, is observed. These are the
subjects with 7, A Tf < C7, that is, either #, or TiT =inf {Z;(t) €
A} (the time at which Z,(r) reaches an absorbing state) must
occur before the time C;' of random censoring. The state indica-
tors I(Z,(t,) = k) for these subjects are then used as responses in
a GEE, Uj(p) = 0, with

Up(h) = Z](zo AT < C;“)m(to A T[")A(ﬁ,x,.)
i=1
x {I(Z(ty) = k) = p(t,| X))} - (15)

Each term has a weight reflecting the probability W)~ =
Pr(C; > t]X;) of being uncensored, and typically A(f, X;) con-
tains the partial derivatives of p, (15| X;) = g~! (AT X;) with respect
to f. Clearly, this approach requires a model for the random cen-
soring C*, and in its simplest form, the resulting weights could
be given by the Kaplan-Meier estimator. However, if covariates
affect censoring, a regression model would be needed for estimat-
ing the weights. The terms in (15) are independent, and a sand-
wich estimator for the variance of the solution to (15), denoted by
ﬁ 1 is typically used, with a contribution arising from the need to
estimate W,(-) [45].

The marginal regression model (14) can also be analyzed using
PV. With this approach, an outcome variable for each observation
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i, to be used in a GEE, is computed via a base estimator of the
marginal state occupancy probability p, (,) (ignoring covariates),
denoted by p,(#,). The Aalen-Johansen estimator is consistent,
even without assuming the multistate process is Markov [29, 51].
The PV for subject i is given by

V; = np(ty) — (n = DB " (t)

= piutty) + (1= V{5 = 5w | (16)

where ﬁk_” is the (Aalen-Johansen) estimator applied to the sam-
ple of size n — 1 obtained by removing subject i from the full
sample. The intuition is that V; quantifies the extent to which
the base estimator p,(¢,) is affected by data from subject i, and
in the special case of no censoring (where the Aalen-Johansen
estimator reduces to the relative frequency E:’zll (Z,(ty) =k)/n
of processes in state k at time ¢,), V; is simply 1(Z;(z,) = k) [37].
Note that V; is calculated by (16) for all the subjects, even if
I1(Z,(t,) = k) is observed. The PV is then used as response in a
GEE, Up(p) = 0, where

Up(B) = X AB X){V; = ptol X))} 17)
i=1

The terms in Up(p) are not independent [52], and special tech-
niques are needed for evaluating large-sample properties as
n — oo of ﬁp, the solution to Up(f) = 0. These depend on the
properties of the influence function of the functional (denoted
¢) that maps the data from the observed multistate process onto
Pi(to) [52, 53]. A necessary condition for the properties to hold
is that censoring does not depend on covariates. If covariates
affect censoring, the Aalen-Johansen base estimator in (16) may
be replaced by an IPCW estimator of p, (#,) [54]. It should be noted
that the required properties of the influence function are typi-
cally not fulfilled when the base estimator is based on data with
delayed entry [55]. Another consequence of the lack of indepen-
dence among the terms in (17) is that the standard GEE sandwich
estimator for the variance of ﬁ p should be replaced by a corrected
estimator that also involves the second-order influence function
of the functional ¢. However, in practical applications, the cor-
rection terms tend to be small [52].

No systematic comparison between the estimators ﬁD and ﬁp,
based on (15) or (17), has been conducted, although such a com-
parison has been studied in the special case where the base
estimator is Kaplan-Meier [56]. In large samples, the computa-
tion of PV using (16) can be time-consuming. Approximations
via infinitesimal jackknife PV method [55], as implemented in
the survival package in R, offer a more efficient alternative.
Additionally, for certain specific multistate models, such as those
shown in Figure 1a,b, and f, direct models for all time points
are available. These models each require specialized estimating
equations, such as those based on partial likelihood principles
[57-60].

4 | Intermittent Observation
of Continuous-Time Processes

In many settings, transitions between states are not directly
observed, and only the state occupied at intermittent assessment

times is recorded. Examples include studies of retinopathy where
visual acuity is assessed during clinic visits [61], diabetic hepa-
tology [62] where liver function is evaluated through blood tests
or biopsies, and studies of osteoporosis where periodic radio-
graphic examinations can detect asymptomatic vertebral frac-
tures [63]. To accommodate intermittent observation in the likeli-
hood construction, we consider the multistate process { Z,(s),0 <
s} along with time-independent covariates X;. The assessment
process is represented by a counting process { 4;(s),0 < s}, which
records the number of assessments up to time s. An assessment
at time ¢ results in dA;(r) = A;(1) — A,(r7) =1, while dA,(t) =
0 otherwise. Since visits can only occur for individuals still
on the study, the assessment process is terminated at C; so
we observe d A, () = Y,()d A,(t) and A,(1) = [ dA,(s). If H,(t) =
{Y,(s),Z,(s), dﬁ,.(s),o < s <t X}, then the assessment-process
intensity is
lim — Pr(AA.(t) =117,0)
Arlo At ! '

where AA,(1) = A,((t + At)™) — A,(t7). This general formulation
involves a dependence on {Z;(s),0 < s < t}, but this process is
not fully observed. In such cases, joint models for the disease
and visit processes must be specified. These models are often
constructed under the assumption of conditional independence
given latent variables with an assumed distribution. Lange et al.
[64] and Cook and Lawless [65] propose joint models that account
for local dependence in which the visit intensity may depend on
the state occupied at t~ and discuss the independence conditions
needed to focus on the partial likelihood contributions involving
only the intensities of the multistate process; see also Griiger et al.
[66]. Assume individual i has m; visits at times 0 < a,; < g;; <
-+ <a, and let ﬁ:(t) = {Y,(5), A,(5),0 < 5 < 1,(Z,(a,),a,), r =
0,1, ...,Zi(t‘), X, }represent the observed history of individual
i at time ¢. If the visit process is noninformative, meaning no
parameters are shared between the visit and multistate mod-
els, we can ignore the visit process and focus on a likelihood of
the form

ml

[1P(z @)l 7 @), (18)

r=1

As discussed earlier, expressing Pr(ZAa,)la,,ﬁj(a,)) in terms
of intensity functions can be challenging for general processes,
but Markov models are relatively easy to handle. For instance,
if A,(t1X,) = Ay (X)) = A, exp(XTp,,) for all k — I transitions,
we can construct the transition intensity matrix Q(X;), where
the off-diagonal entries are given by A,,(X;) and the diago-
nal entries are _ZIK=0,I 44 (X;). Then, the transition probabil-
ity matrix P(s, #| X;) = exp{Q(X,)(t — s)} has entries p,,(s, 1| X,) =
Pr(Z,(t) = 1|1Z,(s) = k, X;). Kalbfleisch and Lawless [67] discuss
a Fisher-scoring algorithm for such models, which, along with
other optimization methods, is implemented in the msm [23]
package in R. The assumption of time-homogeneous baseline
intensities can be relaxed to allow them to be piecewise-constant
rates upon specifying the number and location of cut points.

Titman [68, 69] considers semi-Markov models with sojourn
times having phase-type distributions [70]; see also Yang et al.
[71] Satten [72] considers progressive models with Markov
intensities given a common multiplicative random effect which
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accommodates both serial dependence in the sojourn times and
heterogeneity across individuals in the progression rate. Exten-
sions to accommodate more general forms of heterogeneity
have also been developed to include higher dimensional ran-
dom effects [73] and mover-stayer components [74]. Random
effect (or frailty) models are particularly useful for processes
observed intermittently, where history dependence is suspected
but detailed information is lacking, making direct dependence
modeling challenging.

Transition information is often available through dual
observation schemes. For instance, in dementia studies that
model cognition and survival, cognitive state is observed only
during assessments, while survival times are recorded continu-
ously. A simple model to illustrate this setup is the illness-death
model shown in Figure 1c. If the assessment process for state
1 involves random visit times, the entry time to state 1 is
interval-censored. Additionally, in some studies, there may
be uncertainty about whether a transition has occurred. For
example, if the disease had not been diagnosed by the last visit,
it is unclear whether it developed between that visit and the
time of death. Therefore, the likelihood must be adjusted to
account for this uncertainty. In this context, Leffondre et al.
[75] explore the usefulness of the illness-death model when
the primary interest is overall survival. Joly et al. [76] develop
methods for fitting intensity-based models to such data, using
spline-based approaches for modeling the intensities or the
Weibull form [77].

The inclusion of time-dependent explanatory variables requires
additional assumptions when these variables are not measured
continuously. As a result, this situation is typically addressed
using time-dependent but interval-constant covariates, where the
times of changes in value are known. Boruvka and Cook [78]
examine identifiability issues and apply a sieve maximum like-
lihood approach to estimate transition intensities and covariates’
effects. More generally, Commenges et al. [ 79] explore the estima-
tion of multistate processes under intermittent observation using
splines. For further discussion of time-dependent covariates in
multistate models, see [16, 31].
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(a) Schematic of visit times in the UTPAC for a sample of five individuals

FIGURE4 |

Transition Probability

4.1 | The Psoriatic Arthritis Data Revisited

Here, we analyze the joint damage data in psoriatic arthritis
from Section 1.2.2. Patients in this registry are scheduled for
annual clinical examinations and biennial radiographic exams,
but visit times vary greatly across and within patients. Figure 4a
shows raw data from five patients, with horizontal lines repre-
senting the period from the first clinic visit to loss to follow-up or
death. Vertical hatch marks indicate radiographic exams, high-
lighting the significant variability in the frequency of imag-
ing data collection among individuals. We consider a four-state
model from Gladman and Farewell [22], as shown in Figure 1b.
Specifically, state 0 corresponds to having no damaged joints,
state 1 to 1-4 damaged joints, state 2 to 5-9 damaged joints,
and state 3 is an absorbing state representing 10 or more
damaged joints. The time scale starts at the age of psoriatic
arthritis diagnosis. Assuming a noninformative visit process, we
use the likelihood (18) to estimate piecewise-constant transi-
tion intensities under Markov models, with cut-points at 5, 10,
and 20 years after disease onset. Figure 4b and Table 2 are
based on the code provided in Section S3 of the Supporting
Information file.

Figure 4b is obtained by maximizing the likelihood with respect
to all intensity parameters A = (4, 4], 43,)" (while omitting
covariates) using the msm () package, where each 4;;, isa 4x1
vector of parameters of the piecewise-constant intensity for a
k — [ transition with cut-points at 5, 10, and 20 years since dis-
ease diagnosis. Using these estimates, we compute P(0, t; ;1\) and
plot p,(z; 7) over the 30 years following disease onset. The state
occupancy probabilities for the transient states rise and then fall
as patients progress to more severe joint damage, with nearly
50% expected to reach 10 or more damaged joints after 20 years.
Table 2 summarizes the results of intensity-based regression mod-
els, including baseline covariates-an indicator of extensive effu-
sions and an indicator of an elevated erythrocyte sedimentation
rate (ESR), a marker of inflammation. Table 2a shows the regres-
sion coefficient for each transition, and Table 2b provides the
estimated transition intensities for each time interval. Interest-
ingly, an elevated ESR at baseline is a strong predictor of a faster

0.8
|

0.6
1

0.4

Years Since Disease Onset

(b) Estimates of state occupancy

Joint damage data from the University of Toronto Psoriatic Arthritis Cohort: sample data and estimates of state occupancy based on

fitted Markov models with piecewise-constant baseline intensities having cut-points at 5, 10, and 20 years from the onset of psoriatic arthritis. (a)
Schematic of visit times in the UTPAC for a sample of five individuals. (b) Estimates of state occupancy.

Statistics in Medicine, 2026

13 of 27

85U8017 SUOWILLIOD @A 111D 3]qeo! [dde au Ad peuienob ae e YO ‘8sn Jo Sa|nJ o Afeid]aU1|UO /8|1 UO (SUO N PUOD-PUB-SWLBIW0D" A8 |1 ARe.d 1 |Bu[U0//:SANY) SUORIPUOD pue swiie | 8y 88 *[920z/0T/ST] Uo Ariqiaulluo Ae|Im ‘eiseAlun-sBimpn1-1eqy Aq €650 WIS/Z00T OT/I0P/W00 A8 i Akeqijeul|uo//sdny wouy pepeojumod ‘ZT-0T ‘9202 ‘8520260T



TABLE 2 | Estimates from fitting multiplicative intensity-based Markov models to data on joint damage from the University of Toronto Psoriatic

Arthritis Cohort with piecewise-constant baseline intensities having cutpoints at 5, 10, and 20 years from the onset of psoriatic arthritis.

(a) Estimated regression coefficients (Est) and relative risk (RR)

Transition Covariate Est RR 95% CI P
0—-1 Effusions 0.742 0.400 2.100 (0.960, 4.597) 0.063
Elevated ESR 0.239 0.278 1.271 (0.737, 2.188) 0.389
1-2 Effusions 0.536 0.297 1.710 (0.955, 3.062) 0.071
Elevated ESR 0.774 0.281 2.169 (1.250, 3.759) 0.006
2-3 Effusions 0.306 0.311 1.358 (0.739, 2.497) 0.325
Elevated ESR -0.359 0.364 0.698 (0.342, 1.425) 0.323
(b) Estimated transition intensities (Int), baselines are with covariates set to 0
Baseline [5,10) [10,20) [20, o)
Transition Int 95% CI Int 95% CI Int 95% CI Int 95% CI
0-1 0.092 (0.052, 0.161) 0.718 (0.387, 1.333) 0.419 (0.187, 0.939) 1.566 (0.763, 3.215)
1-2 0.097 (0.048, 0.198) 0.828 (0.394, 1.743) 0.796 (0.406, 1.559) 1.126 (0.502, 2.529)
253 0.244 (0.072, 0.821) 1.326 (0.434, 4.048) 1.174 (0.381, 3.618) 1.373 (0.431, 4.375)

transition from 1 — 2, but it does not significantly impact the
other two transitions.

5 | Multistate Models With Frailty or Copula
Approaches

At times, even after accounting for covariates explaining
between-individual variation in disease course, life trajecto-
ries display greater variability than anticipated based on model
assumptions. To address this, models with latent random effects
can be considered —in survival analysis these random effects are
called frailties [80]. Frailties are often introduced to model depen-
dence but dependence can also be modeled using copula func-
tions which are multivariate distribution functions with uniform
marginal distributions [81]. More general joint distributions are
formulated from copula functions through probability integral
transformations of respective failure time variables [82]. Much
attention has been given to use of frailty-based and copula-based
models for dependence within individuals or clusters. Within the
framework of multistate survival models, two key scenarios are
relevant:

i. Within-subject dependence: Here, random effects or copula
models account for unobserved covariates that influence
event times within the same individual. For instance, in
Figure 1d, a random effect might explain the unobserved
dependence between the transition times of 0 - 1 and
1-2.

ii. Between-subjects dependence: In this case, clustered data,
such as families or study centers, involve correlated fail-
ure times among individuals within the same cluster. Ran-
dom effects or copula models can address this unobserved
dependence.

Both scenarios are discussed in what follows and we focus
on frailty models. Applying frailty or copula models in the

general multistate framework can be complex, as unobserved
heterogeneity may vary across different transitions. We there-
fore focus primarily on the illness-death model (Figure 1c or d)
for simplicity. As discussed in Sections 5.1 and 5.2, within- and
between-subject dependence is an important area warranting fur-
ther methodological research.

5.1 | Within-Subject Random Effect

Consider, for example, the illness-death model for a chronic dis-
ease, which involves three possible transitions: healthy to dis-
ease (0 — 1), healthy to disease-free death (0 — 2), and dis-
ease to post-disease death (1 — 2'). Survival after diagnosis is
left-truncated by the diagnosis time, and it is often unrealis-
tic to assume that observed covariates capture all dependence
between diagnosis time and post-diagnosis death time. This moti-
vates including an unobserved subject-specific random effect to
account for residual dependence among a subject’s event times.

The following discussion examines two distinct approaches: one
focuses on the regression coefficients of the observed covariates
conditioned on the unobserved random effects, while the other
considers the regression coefficients of the observed covariates
without conditioning on the unobserved random effects. Each
approach provides a different interpretation of the effect of the
observed covariates, as detailed below. These approaches will be
demonstrated using the Cox model (Section 5.1.1) and the accel-
erated failure time model (Section 5.1.2). Software implementa-
tion is outlined in Section 6.7.

Random-effects models for failure time outcomes are commonly
referred to as frailty models, where a random subject-specific
effect—representing unobserved risk factors associated with fail-
ure times—is termed the frailty. Xu et al. [83] proposed a
one-parameter gamma-frailty model, in which a single frailty
variate is shared across all three transitions of the illness-death
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model (see Equations (19-21) below for details). This model-
ing strategy has been widely adopted in subsequent work [39,
84-88], and offers a parsimonious framework; at the same time,
the assumption of a common unobserved risk structure across
all transitions may not be suitable for every application. In more
complex multistate models involving additional transitions, the
assumption of a single frailty variate may provide an oversim-
plified representation of the underlying heterogeneity. Alterna-
tives include the use of subject-specific vector-valued frailty terms
[16, 89], or transition-specific transformations of a shared frailty
component [89]. Most existing frailty-based approaches for mul-
tistate models have focused on illness-death and progressive (for-
ward) processes, such as in Figure 1b, and include extensions
accommodating competing risks and hierarchical clustering
structures [90].

A key feature of the frailty approach is the assumption that,
given the observed covariates and the frailty variate, individual
transition times are independent (or quasi-independent [39]).
This assumption allows for the separate modeling of each transi-
tion. Also, it is often assumed that the unobserved frailty variate
and the observed covariates are independent. However, certain
assumptions are required to ensure model identifiability [91], and
verifying these assumptions with available data can be challeng-
ing. When addressing unobservable random effects, it is impor-
tant to distinguish between two approaches: conditional model-
ing, which conditions on both observed covariates and the unob-
served frailty variate, and marginal (population-average) model-
ing, which conditions only on the observed covariates. In linear
models, if the observed covariates are independent of the frailty
variate, these approaches yield the same estimates. However, in
nonlinear models, they do not, making the distinction practically
significant. The choice between the two approaches depends on
the specific objectives of the analysis.

The choice of time scale in multistate models with frailty is cru-
cial. Consider two illness-death models: in the first, the states are
“Healthy,” (state 0) “Disease,” (1) and “Death” (2 and 2’). In the
second, the states are “Surgery,” “Recurrence,” and “Death.” In
the first case, a negative association is expected between age at
diagnosis and the time from diagnosis to death, as older individ-
uals generally have shorter lifespans post-diagnosis. Therefore,
given our intention to utilize a shared random effect to capture
the interplay between the three transitions, it is natural to uti-
lize the age scale for all three transitions. In the second case, a
clock-reset approach is needed (i.e., semi-Markov), where time
resets at each transition, in case early recurrence is positively
associated with the remaining lifespan. Here, the time scale for
each transition depends on the time spent in the preceding state.

51.1 | Within-Subject Random Effects: Conditional
versus Marginalized Illness-Death Cox Models

Since the illness-death model of Figure 1d describes a progres-
sive process with each state visited at most once, we adopt
the simplified notation of Section 1, and for » independent
observations, let T;; and T;, denote the times to non-terminal
(e.g., disease diagnosis) and terminal (e.g., death) events, respec-
tively, i = 1, ..., n. The joint distribution of (7};, T},) is supported
over t, > t,. For individuals who experience the terminal event

before the non-terminal event, we set T;; = oo. Let C; represent
the right-censoring time, and X, a set of time-fixed covariates.
While some of the models discussed here can be easily extended
to incorporate time-dependent covariates, others would require
substantial additional modifications.

Define W, = min(T;;,T},,C;). Let 6, = I(W;; =T,) indicate
whether W, corresponds to the non-terminal event, and §;, =
I(W,, =T,) indicate whether it corresponds to the terminal
event. Also, let W, = §;; min(T},, C;) be the time of the termi-
nal event or censoring, when the non-terminal event is observed,
and 0 otherwise. Let 6;; = 6,;[(W}, = T},) indicate whether the
terminal event was observed after the non-terminal event. The
observed data are {W;;,W,,6,,6;2,06i3,X;,5,i=1,...,n}. We
consider a scalar latent frailty variable w; > 0 for individual
i, with cumulative distribution F,, indexed by an unknown
parameter 6.

Xu et al. [83] proposed an illness-death model featuring three
Cox-based hazard functions. One of their key innovations was
the inclusion of a gamma-distributed shared frailty variate, which
acts multiplicatively on each intensity function. This accom-
modates unobserved dependencies between the non-terminal
and terminal event times. With time-independent covariates and
H;(t) ={Z,(s),0 < s < t, X,}, the conditional intensity functions
(given w;) governing the three transitions are expressed as
Aoy (11 Z,(t7) = 0, H,(1), ;)
= lim (AN Pr(AN () = 1| Z,(17) = 0, X;, w;)
= lim (AT Pr(r < Ty <1+ ATy 2 1.7, 2 1, X, )

= w41 () exp(X] fyy) . >0 (19)
2o (11Z,(t7) = 0, H, (1), ;)
= Bino (ANT'Pr(AN, (1) = 1| Z,(7) = 0, X, w;)
= Eino(m)_l Pr(t < T, <t+ ATy >1,T, > 1,X;,0;)
= w; A () exp(X] Bp,) , 1>0 (20)
andfors >¢>0

My (s1Zi(s7) = 1,7'[,-(5)’50;)
AlimO(As)_1 Pr(AN; () = 1T,y =1, Z,(s7) = 1, X}, wy)

= AlimO(As)’l Pr(s <T, <s+As|Ty =1,T, > 5, X;,0,)
5>
= ;A1 (s) exp(X] fry) (21)

where 4,,(-) and B,;, kI € {01,02,12'}, are transition-specific
baseline hazard functions and regression coefficients, respec-
tively. Given that subject i was diagnosed (i.e., made 0 — 1 tran-
sition) at time T,; =t, T;, > t, the post diagnosis death time 7},
is left truncated by ¢. The time to the non-terminal event, T;; =,
is not incorporated into the covariate vector for A, (s|H,(s), ;).
Instead, the dependence between the potential event times T},
and T}, is derived from two key factors: the so-called explana-
tory hazard ratio A, (t,) exp(X] f1)/{Ag(t;) exp(XT fy,)} [83]
and the latent frailty distribution parameter 6. The explana-
tory hazard ratio characterizes the local dependence between
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the non-terminal and terminal events times not captured by the
frailty. Should T}; and T}, be independent, the explanatory hazard
ratio is constant at 1, and the frailty variate is also constant at 1
(i.e., the frailty distribution is degenerated).

Estimation of models (19-21) under gamma-distributed frailty
with mean 1 and unknown variance can be performed by semi-
parametric maximum-likelihood estimators (MLE), where the
likelihood is obtained by averaging the conditional likelihood of
observed data, given w;, ...,w,, over the distribution of w, [83].
A semiparametric Bayesian approach [84] can alternatively be
used. Interesting modifications of (19-21) are found in Jiang and
Haneuse [87] and Lee et al. [92].

Survival predictions based on the conditional hazards (i.e., given
w;) given by (19-21) require knowledge of the unobserved frailty
variate, which limits their practical applicability. By integrating
out the frailty, we obtain the so-called marginalized hazards with
respect to w,. These marginalized hazards depend strongly on
the assumed frailty distribution and its parameters. Although
this approach allows prediction without directly observing w;,
it introduces sensitivity to frailty misspecification and compli-
cates the interpretation of covariate effects. To address these
issues, Gorfine et al. [39] proposed an alternative strategy for
frailty-based illness-death models, where the marginal hazards
with respect to w; are modeled using Cox models, and the condi-
tional hazards (given w,) necessary to yield this proportional spec-
ification are derived for a specified frailty distribution. These con-
ditional hazards, which depend on (X, w;) and the parameters
of the marginal hazards, depart from the proportional-hazards
structure. This approach allows for the estimation of marginal
model parameters while incorporating frailties to account for
unobserved subject-specific covariates. Specifically, the condi-
tional hazards of the illness-death model given w, are given by

At Z(17) = 0. Hy(1), ) = wyap (1] X)) . =12, >0
(22)

My (S| Zi(s7) = 1L, Hi(s), w;) = w000 (s| X)) , s>1>0. (23)

The corresponding marginalized hazard functions with respect
to w; are defined

do (1 Z,(17) = 0, Hy(1) = A (N exp(XTBy) . 1=1,2, >0
24)

My (SIZi(s7) =1L, H(5)) = Ay (s)exp(X] Byy) , s>1>0
(25)

with unspecified baseline hazard functions A,(-), kI € {01,
02,12'}. To maintain the relationship between marginalized
and conditional hazard functions, the conditional hazards must
be mapped to their marginalized counterparts according to the
assumed frailty distribution. Indeed, the nonnegative functions
a,, (-] X;) are determined by the distribution of the frailty w, and
the corresponding marginalized hazard A,(-|Z;(-), H;(:)). For
example, under the gamma-frailty model with expectation 1
and variance 6, it can be shown that ey, (| X;) = 4, (t| X)),
kI € {01,02,12}, where a;, (1| X,) = exp(X] By, ) exp {0A, (11 X))},
=12, Ag(1X) =7 (t|X) +Ap(r]X;) and o], (X)) =
exp(XTpy) exp {Ay(t|X)0/(1+6)}/(1+6). In summary,

the above frailty-based models (22) and (23) that depart from
a proportional hazards structure are expressed in terms of the
main parameters of interest, §,, and A,(-) of models (24) and
(25). The frailty-based models are particularly appealing for
developing estimation procedures, as they assume that, given
the observed covariates and the frailty variate, T;; and T}, are
quasi-independent. A pseudo-likelihood approach was devel-
oped for estimating the parameters and their standard errors,
under standard frailty-specific assumptions [39].

5.1.2 | Within-Subject Random Effect: Additive
versus Multiplicative Illness-Death AFT Models

An important alternative to intensity-based modeling of multi-
state processes is the adaptation of accelerated failure time (AFT)
regression techniques. Unlike multiplicative intensity-based
models, AFT models parameterize covariate effects directly on
the time scale, offering a distinct and often more interpretable
characterization of covariate effects [93]. In competing risks,
recurrent events and multivariate-failure time settings, AFT
models are typically formulated in terms of latent failure times
corresponding to different transitions, acknowledging that some
of these latent event times may not be observed due to the
occurrence of competing events; see, for example [94-97]. This
latent-time formulation is well established. In this section, we
review recent developments of AFT models for illness—death pro-
cesses, with particular emphasis on extensions incorporating ran-
dom effects to account for unobserved heterogeneity.

Lee et al. [86] proposed the following additive scale-change model

log(T;) = X[Tﬁ(n +o;,+Uq , T;>0
log(T;) = X' By, + @, + Uy, » T, >0,

1

if subject i does not experience the non-terminal event
log(T},) = X;Tﬁlz’ tw;+Uqy, Ty >T; >0,

if subject i experiences the non-terminal event.

where X, has 1 in its first component to allow for an intercept.
The term “additive” refers to the inclusion of a shared-frailty
term, w;, that enters additively in the log linear specification
across all transitions. The model is defined in terms of latent,
path-specific failure times, with the observed terminal time deter-
mined by the realized transition path. The model aligns with typ-
ical illness-death progression: a subject first experiences an event
and its type determines the subsequent transition. If the failure
corresponds to the non-terminal event, the subsequent transition
time T}, is modeled according to the path from state 1 to state
2'. The random errors U,;, are independent across i =1, ...,n
and are transition specific for kI € {01,02,12'}, possibly having
unspecified distributions. The association between T}, and T}, is
determined by the distribution of w;, manifesting as an additive
component in the log-failure times scale. Given the assumption
of w, following a normal distribution, both parametric and semi-
parametric Bayesian estimation methods are available [86].

Alternatively, a multiplicative frailty-based AFT model has been
proposed [88], in which the unobserved frailty variate is not
directly expressed in the log-failure time linear model. Instead,
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it influences the distribution of the random errors U,,,. In partic-
ular, the model is defined by

log(T;)) = XiTﬁol +Up, Ty >0
log(T,) = X,Tﬁoz + U, T, >0,

i

if subject i does not experience the non-terminal event

log(T},) = X,-Tﬁlz’ +Uny , T, >T; >0,

i

if subject i experiences the non-terminal event.

The dependence between T;; and T}, is incorporated via the fol-
lowing shared frailty model. Given individual i’s frailty variate
w;, it is assumed that the respective conditional baseline hazard
functions of exp(U,;,), kI € {01, 02,12}, are given by

Ao (tl@;) = w;Ap1(1) , £ >0
App(tlw;) = w; A, (1) , >0,

if subject i does not experience the non-terminal event
Ay (Slty, @) = w;A15(s), s>t >0,

if subject i experiences the non-terminal event.

where each 1,,(-) is an unspecified baseline hazard function of
exp(U;;). Importantly, this model offers a clear conceptual sep-
aration between observed covariate effects on event times and
unobserved heterogeneity captured through the frailty. Under
the assumption that @; are gamma distributed with mean 1
and unknown variance 0, a semiparametric MLE (based on a
kernel-smoothed likelihood combined with an EM algorithm) is
available [88]. Section 2.2 of Kats and Gorfine [88] delves into the
conceptual distinctions between the above additive and multi-
plicative approaches. It is elucidated that the hazards of the addi-
tive approach may exhibit non-monotonic behavior with respect
to w;. In contrast, the hazards of the multiplicative model demon-
strate monotonic increase as a function of w; across all error dis-
tributions. Consequently, the multiplicative-frailty model offers a
simpler interpretation.

5.1.3 | The Rotterdam Tumor Bank Data Revisited

The Rotterdam tumor bank data (Section 1.2.3) were analyzed
in Kats and Gorfine [88] using three frailty-based models: the
multiplicative AFT model [88], the marginalized Cox model [39],
and the conditional Cox model [84]. The additive-frailty AFT
model [86], implemented in the R package SemicompRisks,
models the time T}, — T;; for subjects who experience death fol-
lowing relapse. However, this model encountered convergence
issues when applied to the Rotterdam data. (see [88] for further
details). In the current analysis, we extend this evaluation by
comparing eight models: four based on the Cox framework and
four based on the AFT framework. The Cox-based models include
the marginalized Cox model [39] and the following three models
without frailty:

1. Cox without frailty I: Three separate Cox models are fitted
for each of the transitions. For the competing risks transi-
tions 0 — 1 and 0 — 2 (relapse and death), estimation pro-
ceeds by treating the competing event as right-censored. For

the transition 1 — 2’, left truncation by relapse time is han-
dled naively using standard risk-set adjustment.

2. Coxwithout frailty IT: This model extends Model I by adding
the standardized relapse time as a time-independent covari-
ate in the 1 — 2’ transition model. Specifically, let V; = T}
denote the relapse time (entry into state 1) for subject i, and
define SV, = (V, - V)/S,,, where V and S, are the sam-
ple mean and standard deviation of {V; : A,; =1}, that is,
computed among individuals with observed relapse. This
centering and scaling places relapse time on a comparable
numerical scale and facilitates interpretation of regression
effects. The inclusion of SV; follows [98] and is intended to
address the dependent left truncation induced by relapse.

3. Coxwithout frailty ITI: An extension of Model 11, this model
includes a linear truncated spline with four knots (at the
20th, 40th, 60th, and 80th percentiles) to flexibly model non-
linear effects of the standardized relapse time. Specifically,
it incorporates terms of the form ijlyj(SV,- —k)I(SV; 2
k;), wherey;, j =1, ..., 4, are regression coefficients.

A parallel set of analyses was performed using four AFT-based
models. The results are summarized in Tables 3 and 4. A compar-
ison of these tables highlights how covariate effects differ across
Cox-based and AFT-based modeling frameworks, particularly in
their interpretation, magnitude, and statistical significance. In
Cox models, coefficients are log-hazard ratios (HRs), with HR > 1
indicating increased hazard and HR < 1 indicating protective
effect. In AFT models, coefficients are log-acceleration factors,
where values > 0 imply prolonged time to event (i.e., reduced haz-
ard), and values < 0 indicate shorter times to event (i.e., increased
hazard). Specifically,

« Treatment Effect (Hormonal and/or Chemotherapy): In Cox
models, treatment is significantly associated with reduced
hazard of transition from state 0 to 1, confirming a protective
effect on recurrence. In AFT models, the same treatment is
associated with positive coefficients, indicating a significant
delay in time to recurrence — consistent with the Cox results
but on a different time scale. This effect is particularly strong
in the multiplicative frailty model, suggesting that adjusting
for unobserved heterogeneity improves inference precision.

« Tumor Size and Grade: In the Cox framework, larger tumor
size and higher grade show significantly increased hazard for
recurrence and mortality post-recurrence, reflecting worse
prognosis. In the AFT models, these same covariates gen-
erally have negative coefficients, confirming their associa-
tion with shorter survival or quicker relapse. However, effect
estimates differ across frameworks (HR versus acceleration),
and in some AFT fits they appear closer to the null, especially
without frailty.

« Number of Positive Lymph Nodes: This variable is strongly
predictive in both tables. In the Cox models, it shows a con-
sistent and significant increase in hazard across transitions.
In the AFT models, it corresponds to significantly nega-
tive coefficients, indicating shorter times to recurrence and
death, again confirming its prognostic importance.

 Estrogen and Progesterone Receptors: In Table 3, higher
receptor levels are associated with lower hazard for
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TABLE 3 | Rotterdam Tumor Bank Data: Estimates (Est), standard errors (SE), and RR for the hazard-ratio parameters, n = 1546.

Cox-marginalized [39] Cox without frailty I, II, ITI
Est (SE) RR p Est (SE) RR p
0 2.52 (0.54) —

Transition: surgery — relapse, 0 — 1, 974 events

Age at surgery (/10) —0.15 (0.06) 0.86 0.014 —0.16 (0.04) 0.85 0.000
lymph nodes (log) 0.42(0.04) 1.53 0.000 0.43 (0.04) 1.54 0.000
estrogen (log) —0.03(0.02) 0.97 0.186 —0.04 (0.02) 0.96 0.027
progesterone (log) —0.04 (0.02) 0.96 0.065 —0.02 (0.02) 0.98 0.206
Postmenopausal (vs. pre) 0.13(0.13) 1.14 0.296 0.18 (0.12) 1.19 0.130
Tumor size (ref < 20 mm)

20 — 50 mm 0.20 (0.07) 1.22 0.006 0.21 (0.08) 1.24 0.006

> 50mm 0.38 (0.11) 1.46 0.001 0.43 (0.10) 1.54 0.000
Hormone therapy —0.38 (0.08) 0.68 0.000 —0.42 (0.09) 0.66 0.000
Chemotherapy —-0.37(0.11) 0.69 0.001 —0.47 (0.09) 0.63 0.000
Tumor grade 3 (vs. 2) 0.21 (0.08) 1.23 0.008 0.24 (0.08) 1.27 0.003

Transition: surgery — death, 0 — 2, 106 events

Age at surgery (/10) 1.32(0.37) 3.74 0.000 1.36 (0.14) 3.88 0.000
lymph nodes (log) 0.13(0.12) 1.14 0.298 0.14 (0.12) 1.14 0.267
estrogen (log) —0.01 (0.06) 0.99 0.816 —0.05 (0.06) 0.95 0.436
progesterone (log) 0.08 (0.06) 1.08 0.205 0.11 (0.06) 1.11 0.076
Postmenopausal (vs. pre) —0.30 (0.50) 0.74 0.554 —0.31(0.63) 0.73 0.624
Tumor size (ref. < 20 mm)

20-50 mm —0.16 (0.25) 0.85 0.526 —0.10 (0.24) 0.91 0.682

> 50 mm 0.15(0.31) 1.16 0.634 0.17 (0.30) 1.19 0.557
Hormone therapy —0.21 (0.25) 0.81 0.389 —0.27 (0.24) 0.76 0.262
Chemotherapy —0.22(0.81) 0.81 0.789 —0.20 (0.55) 0.81 0.714
Tumor grade 3 (vs. 2) —0.01 (0.28) 0.99 0.961 0.01 (0.23) 1.01 0.978

Transition: relapse — death, 1 — 2/, 771 events out of 974 patients at risk

Cox without Cox without Cox without
Cox-marginalized [39] frailty I frailty IT frailty ITI
Est(SE) RR P Est(SE) RR p Est(SE) RR p Est(SE) RR p

Age at relapse (/10) 0.03(0.08) 1.03 0.700 0.06 (0.05) 1.07 0.202 0.12(0.05) 1.13 0.017 0.12(0.05) 1.13 0.017
lymph nodes (log) 0.25(0.05) 1.28 0.000 0.08(0.04) 1.09 0.061 0.08(0.05) 1.08 0.091 0.07(0.04) 1.07 0.132
estrogen (log) —0.03(0.02) 0.97 0.193 —0.02(0.02) 098 0414 -0.01(0.02) 0.99 0.529 -0.01(0.02) 0.99 0.682
progesterone (log) —0.08(0.02) 0.92 0.000 -0.11(0.02) 0.89 0.000 -0.12(0.02) 0.89 0.000 -0.12(0.02) 0.88 0.000
Postmenopausal (pre) —0.05(0.13) 0.95 0.731 —0.04(0.14) 096 0.782 -0.15(0.14) 0.86 0.292 -0.15(0.14) 0.86 0.282
Tumor size (ref. < 20 mm)

20-50 mm 0.23(0.07) 1.26 0.001 0.25(0.09) 1.28 0.009 0.24(0.10) 1.27 0.012 0.24(0.10) 1.27 0.012

> 50 mm 0.40(0.10) 149 0.000  0.30(0.12) 1.35 0.009 0.26(0.12) 129 0.026 0.27(0.12) 1.31 0.022
Hormone therapy —0.18 (0.09) 0.84 0.037 —0.01(0.10) 0.99 0.951 0.04(0.10) 1.04 0.672 0.07(0.10) 1.07 0.519
Chemotherapy —0.16 (0.13) 0.85 0.227 0.08(0.11) 1.09 0440 0.17(0.11) 1.18 0.129 0.19(0.11) 1.20 0.093
Tumor grade 3 (vs. 2) 0.21(0.09) 1.23 0.024 0.13(0.09) 1.14 0.167 0.12(0.09) 1.28 0.200 0.14(0.10) 1.15 0.133
SV — — — — — —  —031(0.07) 073 0.000 1.40(0.66) 4.19 0.033
Splines 20% — — —_ —_ —_ — — —_ — —2.89(1.09) 0.06 0.008
Splines 40% — — — — — — — — — 1.49(0.88) 4.45 0.089
Splines 60% — — — — — — — — — —0.47(0.59) 0.62 0.419
Splines 80% — — — — S — — —  —  018(036) 120 0.617
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TABLE4 | Rotterdam Tumor Bank Data: Estimates (Est), standard errors (SE) and p-value, n = 1546.

AFT multiplicative [88] AFT without frailty I, I, I1I
Est (SE) P Est (SE) P
0 2.18 (0.73) —_

Transition: surgery — relapse, 0 — 1, 974 events

Age at surgery (/10) 0.14 (0.06) 0.012 0.13 (0.06) 0.024
lymph nodes (log) —0.40 (0.05) 0.000 —0.41 (0.06) 0.000
estrogen (log) 0.07 (0.03) 0.030 0.08 (0.03) 0.016
progesterone (log) 0.09 (0.03) 0.000 0.08 (0.03) 0.006
Postmenopausal (vs. pre) —0.34(0.15) 0.023 —0.30(0.17) 0.075
Tumor size (ref < 20 mm)

20-50 mm —-0.32(0.09) 0.001 —0.30 (0.09) 0.000

> 50mm —0.49 (0.11) 0.000 —0.48 (0.09) 0.000
Hormone therapy 0.60 (0.13) 0.000 0.56 (0.14) 0.000
Chemotherapy 0.49 (0.11) 0.000 0.47 (0.11) 0.000
Tumor grade 3 (vs. 2) —0.25(0.09) 0.004 —0.25(0.09) 0.004

Transition: surgery — death, 0 — 2, 106 events

Age at surgery (/10) —0.43(0.14) 0.002 —0.99 (0.14) 0.000
lymph nodes (log) —0.14 (0.08) 0.091 0.06 (0.11) 0.568
estrogen (log) 0.04 (0.04) 0.287 0.04 (0.05) 0.446
progesterone (log) 0.01 (0.04) 0.827 —0.11 (0.05) 0.039
Postmenopausal (vs. pre) —0.15(0.34) 0.647 0.21 (0.43) 0.628
Tumor size (ref. < 20 mm)

20-50 mm —0.13(0.15) 0.376 0.06 (0.21) 0.753

> 50 mm —0.19(0.18) 0.275 —0.02(0.22) 0.927
Hormone therapy 0.41(0.18) 0.019 —0.18 (0.27) 0.507
Chemotherapy 1.13(0.30) 0.000 0.31(0.39) 0.431
Tumor grade 3 (vs. 2) —0.06 (0.13) 0.641 —-0.13 (0.16) 0.426

Transition: relapse — death, 1 — 2’, 771 events out of 974 patients at risk

AFT without AFT without AFT without
AFT multiplicative [88] frailty I frailty IT frailty ITT
Est (SE) P Est (SE) P Est (SE) P Est (SE) P

Age at relapse (/10) 0.00 (0.07) 0.956 —0.12 (0.08) 0.141 —0.10 (0.06) 0.088 —0.10 (0.05) 0.049
lymph nodes (log) —0.25(0.07) 0.000 0.01 (0.09) 0.908 0.04 (0.06) 0.493 0.02 (0.05) 0.619
estrogen (log) 0.04 (0.05) 0.341 0.14 (0.07) 0.038 0.14 (0.03) 0.000 0.17 (0.03) 0.000
progesterone (log) 0.13 (0.04) 0.001 0.17 (0.05) 0.001 0.10 (0.04) 0.011 0.07 (0.04) 0.077
Postmenopausal (pre) -0.21(0.17) 0.203 —-0.04(0.25) 0.868  —0.13(0.18)  0.466  —0.20(0.14) 0.135
Tumor size (ref. < 20 mm)

20-50mm —-0.37(0.14) 0.008 —0.08 (0.16) 0.619 —0.24(0.12) 0.049 —0.26 (0.13) 0.038

> 50 mm -0.52(0.17) 0.002 -0.06(0.21)  0.784  —0.22(0.14)  0.115  —0.20(0.14) 0.164
Hormone therapy 0.39 (0.14) 0.005 0.24(0.17)  0.145 0.34(0.10)  0.000  0.35(0.13) 0.006
Chemotherapy 0.23(0.18) 0.205 —0.11(0.21) 0.608 —-0.17 (0.12) 0.158 —0.13(0.13) 0.328
Tumor grade 3 (vs. 2) —0.26 (0.13) 0.047 —0.23(0.13) 0.095 0.36 (0.08) 0.000 —0.32(0.10) 0.002
SV — — — — 0.43(0.10)  0.000  0.65(0.55) 0.242
Splines 20% — — — — — — 0.23 (0.99) 0.818
Splines 40% — — — — — — —1.11(0.85) 0.193
Splines 60% — — — — — — 0.91 (0.51) 0.076
Splines 80% — — — — — — —0.55(0.66) 0.407
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Rotterdam Tumor Bank Data: goodness of fit assessment based on randomized survival probabilities (RSPs). The plots display RSPs

for remaining in State 0 (.S;)) and for remaining in State 1 conditional on having experienced the non-terminal event (S;,). Under a correctly specified

model, the RSPs should follow a uniform distribution on (0, 1).

recurrence and death. In Table 4, positive coefficients
suggest that higher receptor levels are linked to longer
time to event, reaffirming the protective biological effect,
though the strength and significance vary slightly across
models.

Frailty Effects: The multiplicative frailty models in both
tables adjust for unobserved heterogeneity. These mod-
els generally yield more conservative standard errors and
sometimes reveal stronger covariate effects— particularly in
Table 4—implying that accounting for latent patient-level
variation uncovers clearer relationships.

To assess model fit, we used a visual goodness-of-fit (GOF)
diagnostic based on randomized survival probabilities (RSPs)
[88, 99]. Specifically, for illness—death models, two RSPs were
evaluated: (i) the probability of remaining in State 0, denoted
by S, ; and (ii) the probability of remaining in State 1 among
individuals who experienced the non-terminal event, denoted by
S, These RSPs are estimated for each observation given the
observed covariates; for frailty-based models, the marginal prob-
abilities are obtained by integrating over the frailty distribution.
Under a correctly specified model, these RSPs should follow a
uniform distribution on (0, 1). Model fit can therefore be visually
assessed by comparing histograms of estimated RSPs to the stan-
dard uniform distribution. The resulting comparisons are shown
in Figure 5. Among the eight models considered, the multiplica-
tive frailty-based AFT model appears to provide the best overall
fit to the data. In summary, although the Cox and AFT mod-
els yield consistent directional interpretations for most covari-
ates, the AFT framework offers a time-based understanding of

covariate effects, which can be more intuitive in clinical contexts.
Moreover, the frailty-adjusted models appear to better capture the
complexity and heterogeneity in this dataset, enhancing both fit
and interpretability.

This analysis highlights the complexity of modeling illness—
death data. Frailty-based approaches effectively capture unob-
served dependence between time to non-terminal and ter-
minal events but require pre-specifying the frailty distribu-
tion. In contrast, non-frailty models avoid such distributional
assumptions but necessitate careful modeling of the functional
relationship between the non-terminal event time and the
transition 1 — 2'.

5.2 | Between-Subject Dependence

There has been limited exploration of illness-death models in
the context of clustered data, such as family or twin studies.
Frailty-based models and estimation methods for competing risks
(i.e., Figure 1f) in clustered failure-time data have been developed
[77, 100-102]. However, extending these approaches to more
complex settings of multistate models is challenging, primarily
due to the varying strength of dependence between two cluster
members across different transitions. Lee and Cook [92] devel-
oped an illness-death model using the latent variable formula-
tion of the competing-risk model for the first transition, 0 —» 1
or 0 — 2, and a copula model is adopted to accommodate depen-
dence within clusters in the (possibly latent) times to transition
from state 0 to 1.
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6 | Software Availability

This section offers an overview of the software and packages (in
either R or Python) accessible for analyzing multistate models,
highlighting the distinctive contributions of each package.

6.1 | RPackagessurvival andmstate

The survEit function [32] of the package survival [103,104]
calculates and plots the Aalen-Johansen estimators of cumula-
tive incident functions within any multistate scenario. In par-
ticular, subjects can visit multiple states during the course of a
study, subjects can start after time 0 (i.e., delayed entry), and
they can start in any of the states. The standard error of the
Aalen-Johansen estimates is computed using an infinitesimal
jackknife. The coxph function offers Cox regression analysis for
each transition in a multistate model, with or without shared
coefficients. The mstate package [105, 106] incorporates utili-
ties for data preparation, descriptive analyses, hazard functions
estimation, prediction using Aalen-Johansen estimator and Cox
regression modeling. Due to its modular approach, different
models, like for instance additive hazards models, can be fit-
ted for the transition intensities, while still allowing prediction
based on Aalen-Johansen. Also, functions for testing the Markov
assumption are provided [107].

6.2 | Rpackagemsm

The msm package [23] offers a suite of functions for simu-
lating and analyzing continuous-time Markov processes with
piecewise-constant intensity functions, as well as hidden Markov
models that include unobserved (hidden) states; the latter are
not discussed here. A unique feature of this package is that it
facilitates proportional intensity regression analyses for Markov
processes with piecewise-constant baseline intensities when
processes are subject to right-censoring or under intermittent
observation. The package is therefore well-suited for modeling
the type of data described in Section 4, as demonstrated in the
example in Section 4.1. The package provides estimates for tran-
sition intensities, transition probability matrices, and expected
time spent in each state. It also yields predictions for future state
occupancy. Parameters are estimated via maximum likelihood,
enabling standard inferential techniques for confidence intervals
and hypothesis testing.

6.3 | Python Package PyMSM

PyMsSM [108] is a package for fitting competing risks and mul-
tistate models, offering flexible model specification, individual
and population-level predictions, and comprehensive statistical
summaries and visualizations. Key features include: (1) Multi-
state Regression Model Fitting: Supports various survival anal-
ysis techniques, such as Cox regression, random survival forests
[109], or user-defined machine learning models. (2) Prediction
via Monte Carlo Simulation: Using a fitted multistate model,
PyMSM generates sample paths through Monte Carlo simula-
tions. Given covariates, initial states, and times, it sequentially
samples subsequent states and durations in each state based on

the estimated model, ending when a terminal state is reached
or a predefined maximum number of transitions is exceeded.
Summary statistics, such as state occupancy probabilities and
median state durations, are available after sampling multiple
paths per observation. (3) Predefined Models and Data Simula-
tion: Allows loading or configuring predefined multistate models
and generating simulated survival data via random paths, provid-
ing a valuable tool for research.

6.4 | RPackage SmoothHazard

The SmoothHazard package [110] is designed for fitting regres-
sion models to interval-censored data within illness-death mod-
els. It includes algorithms for concurrently fitting regression
models to the three transition intensities of an illness-death
model, where the transition times to State 1 (see Figure 1c) may
be interval-censored, and all event times can be right-censored.
The three baseline transition intensity functions are modeled
either by Weibull distributions or, alternatively, by M-splines in
a semi-parametric framework. Given specific covariates, the esti-
mated transition intensities can be combined to produce esti-
mates of cumulative incidence functions and life expectancies.

6.5 | RPackagespseudo and eventglm

The pseudo R package [111] includes functions for comput-
ing pseudo-values (see Section 2.3) for various marginal param-
eters of interest such as the cumulative incidence function, or
the restricted mean time in a state. The R package eventglm
also applies the pseudo-values framework and includes plotting
of residuals, the use of sampling weights, and corrected variance
estimation.

6.6 | RPackage simMSM

The R package simMSM [112] simulates event histories for multi-
state models. It enables the generation of event histories featuring
potentially non-linear baseline hazard functions, as well as non-
linear time-dependent or time-independent covariates’ effect,
while also accounting for dependencies on past history. The ran-
dom generation of event histories is achieved through inversion
sampling applied to cumulative all-cause hazard rate functions.

6.7 | R Packages Targeting Illness-Death
Models With Within-Subject Random Effects

The R package SemiCompRisks [113] uses Bayesian estima-
tion techniques for frailty-based illness-death models, encom-
passing both conditional and additive models as delineated in
Sections 5.1.1-5.1.2. This package offers Cox-type and accel-
erated failure time models incorporating gamma and normal
frailty distributions, respectively. The frailty-LTRC package
(available at https://github.com/nirkeret/frailty-LTRC) utilizes a
pseudo-likelihood approach for marginalized Cox models out-
lined in Section 5.1.1, using a gamma frailty. On the other
hand, semicompAFT (available at https://github.com/leakats/
semicompaft) implements a semi-parametric AFT model under
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the multiplicative frailty setting discussed in Section 5.1.2, also
using a gamma frailty distribution. frailtypack [114] is a
package focusing particularly on handling frailty models and is
versatile for time-to-event data in complex scenarios, including
multistate models with recurrent events or competing risks.

7 | Prosand Cons to Multistate Modeling

The intensity-based framework for modeling multistate processes
is well-aligned with how information unfolds and is revealed over
time. In particular, it recognizes that the past (history) influences
the future, individuals are simultaneously at risk of more than
one type of event, and that processes can terminate for many dif-
ferent reasons. Through the incorporation of internal and exter-
nal time-varying covariates they can offer useful insights into the
association between dynamic factors and the disease progression
or death.

The intensity-based framework for examining how the occur-
rence of one type of event can alter the risk of another type
of event is the basis for local dependence modeling [27]. In
Section 2.2.1 we mentioned how the local dependence between
disease recurrence and death can be studied in the frame-
work of an illness-death model. More generally joint mod-
els can be formed to study the co-occurrence of disease (i.e.,
co-morbidities), or the relationship between recurrent and ter-
minal events— Cook et al. [115] use this framework to study the
relation between recurrent skeletal events and death in trials of
patients with bone metastases. This can be viewed as an exten-
sion of the illness-death process where a countable number of
non-fatal events may occur. In this setting, the Aalen-Johansen
estimator [27] of transition probability matrix can be used to
jointly estimate the restricted mean lifetime number of events
and survival probabilities.

In non-dynamic settings, association between two variables is
typically thought of as a symmetric feature, in the sense that if
X is dependent on Y, then Y is dependent on X. Intensity-based
models accommodate asymmetric relationships wherein the risk
of one event may be altered by the occurrence of a second event,
but the risk of the second type of event does not change upon
the occurrence of the first type of event. This has natural appeal
when one event is death and the dependence is necessarily asym-
metric. Aalen [116] pointed out that local dependence modeling
can yield insights into causal effects within the Granger school.

Although comprehensive multistate models offer advantages for
capturing complex event histories, they are not widely adopted
in practice. This hesitation may stem from limited familiarity
with the methods among applied researchers, as well as concerns
that these models require more elaborate modeling assumptions.
Such complexity can raise concern about robustness, particu-
larly when data are sparse or model assumptions are difficult
to validate. In cancer clinical trials, times of interest include
times to cancer progression, progression-free death, and death
following cancer progression. As illustrated in Section 2.2.1 these
event times are naturally jointly modeled with a three or four
state illness-death process; see Figure 1c and d respectively. It
is more common however, to assess treatment effects on the
basis of progression-free survival time, a composite endpoint

defined as the time spent in state 0. While avoiding a compet-
ing risks problem and enabling one to carry out a simple time to
event analysis, the regression coefficient of the treatment indi-
cator does not yield an estimand with a clear interpretation
[117]. Recent work on estimands motivated by the release of
the ICH-E9 Addendum aims to define clearly interpretable esti-
mands of treatment effects in such settings and multistate models
can play an important role in obtaining estimates for the expected
time spent in different states [118], the probability of different
paths, or for incorporating the introduction of co-interventions
or treatment switches [119]. Synthesis of summary statistics can
then be carried out by assigning of relative values of different
states [120] or by more explicit specification of utilities [121].

In any application one must weigh the desire to formulate com-
prehensive models which address the complexities of an under-
lying process, with the desire for simple interpretable estimands
and robustness. There may be a clear understanding that pro-
cesses are complex but if data are limited then complex models
may be challenging to fit. This arose in Section 4.1 where we dis-
cussed the multistate analysis of joint damage in psoriatic arthri-
tis but individuals were only under intermittent observation.

To summarize, multistate models offer several advantages: (i)
they provide a comprehensive framework for representing com-
plex processes; (ii) enable modeling of dependencies between
events; (iii) support prediction for multiple types of outcomes;
and (iv) many diagnostic tools from univariate survival analysis
can be extended to this setting. However, these models also come
with limitations: (i) it can be difficult to specify the correct form
of history dependence; (ii) relevant time scales are sometimes
unclear; (iii) intensity-based modeling requires more assump-
tions than those typically made in simpler models; and (iv) reli-
able estimation demands sufficient events per transition, compli-
cating sample size calculations compared to single-event survival
analysis.

While the focus of this paper is on statistical modeling and predic-
tion of multistate processes, it is important to note that the regres-
sion models and methods discussed in this paper do not yield esti-
mators with a causal interpretation of transition dynamics. Defin-
ing causal estimands for multistate processes—particularly in
the presence of time-dependent covariates, intermediate events,
and feedback between states—requires the specification of
potential outcomes and assumptions on treatment assignment
mechanisms. Such causal estimands are often most naturally
expressed in terms of marginal attributes, for example state occu-
pation probabilities or functionals based on state occupancy
over time, rather than transition-specific intensities. In this con-
text, methods based on pseudo-values hold promise for causal
analysis of multistate data. Recent work has begun to develop
causal frameworks for multistate and event-history data along
these lines [119, 122-125], but a comprehensive treatment of
causal inference in multistate models lies beyond the scope of the
present review and remains an active area of ongoing research.

8 | Discussion

In this paper, we have presented various approaches to model-
ing multistate processes, with a focus on both intensity-based

22 0f 27

Statistics in Medicine, 2026

85U8017 SUOWILLIOD @A 111D 3]qeo! [dde au Ad peuienob ae e YO ‘8sn Jo Sa|nJ o Afeid]aU1|UO /8|1 UO (SUO N PUOD-PUB-SWLBIW0D" A8 |1 ARe.d 1 |Bu[U0//:SANY) SUORIPUOD pue swiie | 8y 88 *[920z/0T/ST] Uo Ariqiaulluo Ae|Im ‘eiseAlun-sBimpn1-1eqy Aq €650 WIS/Z00T OT/I0P/W00 A8 i Akeqijeul|uo//sdny wouy pepeojumod ‘ZT-0T ‘9202 ‘8520260T



and marginal models. Sections 2 and 3 lay out the founda-
tional concepts for understanding these models and their prac-
tical utility. Section 4 builds on this by addressing the challenges
posed by intermittent observation in continuous-time processes,
which is a frequent issue in clinical studies where transitions
between states are not continuously observed. Our exploration
of frailty-based models in Section 5 illustrates their ability to
capture unobserved heterogeneity. The approaches discussed in
this paper provide critical tools for handling the complexities
of real-world data, enabling researchers to make more accu-
rate inferences about the dynamics of processes such as disease
progression.

While the frailty-based models provide a useful framework
for addressing subject-specific unobserved covariates, they also
introduce additional complexities, especially regarding the
assumptions about dependence structures. Future research
should focus on extending these methods to accommodate more
complex multistate processes.

Intensity-based regression models do not yield estimates of the
model parameters that are robust to the omission of important
covariates. In causal parlance, conditioning on occupancy of the
recurrence state creates a collider bias; see Section 8.4 of Cook
and Lawless [16]. With time-fixed covariates, an alternative way
of assessing their relation to the multistate process is through
stratification and computation of expected sojourn times in dif-
ferent states for each stratum.

Validating multistate models presents significant challenges, par-
ticularly when evaluating their predictive performance or assess-
ing goodness-of-fit with real-world data. A comprehensive liter-
ature review of existing model checking methods, along with an
identification of the key unresolved issues, would be highly valu-
able for advancing this area.

Another important area not covered here is the application of
machine learning methods to multistate survival data. While
methods for application of machine learning algorithms to mul-
tistate survival analysis is still emerging, it shows consider-
able potential for improving prediction accuracy, particularly
in healthcare settings [126-128]. A key challenge is balanc-
ing the predictive performance of machine learning with the
need for interpretability and robustness, both crucial for clin-
ical decision-making. Modern survival-based machine learn-
ing methods also offer tools for interpretation, including vari-
able importance measures and state-specific risk summaries
[129]. Another major challenge is uncertainty quantification for
advanced machine learning methods, such as deep neural net-
works. A recent work [130] proposed a method for quantify-
ing uncertainty in survival analysis which can accommodate
deep learning approaches. Machine learning algorithms can be
directly applied to multistate processes through the pseudo-value
approach discussed in Section 3.3, as these algorithms are typ-
ically designed for cross-sectional rather than dynamic data.
When a relevant time horizon can be specified, machine learning
can be used to predict state occupancy probabilities. Early work
in this direction has focused on competing and semi-competing
risks processes [131]. As the field advances, the integration
of machine learning into multistate modeling frameworks will
likely open new avenues for analyzing complex survival data.
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